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0.1 Introduction

In this book we study sprays and Finsler metrics. Roughly speaking, a spray on
a manifold consists of compatible systems of second-order ordinary differential
equations. A Finsler metric on a manifold is a family of norms in tangent spaces,
which vary smoothly with the base point. Every Finsler metric determines a
spray by its systems of geodesic equations. Thus, Finsler spaces can be viewed as
special spray spaces. On the other hand, every Finsler metric defines a distance
function by the length of minimial curves. Thus Finsler spaces can be viewed
as regular metric spaces. Riemannian spaces are special regular metric spaces.

In 1854, B. Riemann introduced the Riemann curvature for Riemannian
spaces in his ground-breaking Habilitationsvortrag. Thereafter the geometry of
these special regular metric spaces is named after him. Riemann also mentioned
general regular metric spaces, but he thought that there were nothing new in
the general case. In fact, it is technically much more difficult to deal with
general regular metric spaces. For more than half century, there had been no
essential progress in this direction until P. Finsler did his pioneering work in
1918. Finsler studied the variational problems of curves and surfaces in general
regular metric spaces. Some difficult problems were solved by him. Since then,
such regular metric spaces are called Finsler spaces. Finsler, however, did not
go any further to introduce curvatures for regular metric spaces. He switched
his research direction to set theory shortly after his graduation.

It was L. Berwald who first successfully extended the notion of Riemann
curvature to Finsler spaces. He also introduced a notion of non-Riemannian
quantity—the Berwald curvature [Bwl]. From this point of view, Berwald is
the founder of differential geometry of Finsler spaces. J. Douglas extended the
Berwald curvature to general sprays. He also extended H. Weyl’s projective
invariant for affine connections to general sprays [Dgl].

Local geometric structures of sprays and Finsler metrics have been under-
stood in a great depth after P. Finsler’s pioneering work in 1918 (see [Fi] [Ca]
[Ru] [Bu3] [Mad], etc). The geometric methods developed in Finsler geometry
are useful for studying some problems arising from biology, physics and other
fields (see [AbPa] [AnZal] [AnZa2] [AnInMa] [As]] [Bj] [Mil][MiAn], etc). How-
ever, due to complicated tensor computations, spray geometry as well as Finsler
geometry has made many beginners turn away from this subject. Indeed, one
can easily get lost in the deep forest of tensors. In this book , we try to define
quantities in an index-free form and derive equations using tensors only when
necessary. We introduce several quantities of sprays or Finsler metrics such as
the Riemann curvature, Berwald curvature and Landsberg curvature, etc. The
names of these quantities are given for the first time, although these quantities
have appeared in literatures.

In Chapter 1, we discuss some basic properties of Minkowski functionals and
introduce the notion of Cartan torsion for Minkowski functionals. In particular,
we show how a two-dimensional Minkowski functional depends on the main
scalar (the core part of the Cartan torsion in dimension two). In Chapter 2,
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we define Finsler metrics and discuss many important examples. In Chapter
3, we show that the geodesics of a Finsler metric satisfy a system of second-
order ordinary differential equations, that are the Euler-Lagrange equations of
the variation of arc-length. We also discuss variational problems of first order
and second-order ordinary differential equations. In Chapter 4, we introduce
the notion of sprays, based on our discussion in the previous chapters. The
spray induced by a Finsler metric is called a Finsler spray. By studying general
sprays, we would have a better understanding of Finsler metrics.

In Chapters 5 and 6, we introduce several non-Riemannian quantities for
sprays and Finsler metrics, which always vanish for Riemannian metrics. We
calculate these quantities for some interesting sprays and Finsler metrics. We
raise an open problem whether or not there are Landsberg metrics which are not
of Berwald type. In Chapter 7, the concept of connection is introduced. Using
the canonical connection, we define the parallelism along geodesics. In Chapter
8, we introduce the most important quantity — Riemann curvature for sprays
and Finsler metrics. It is defined as the Jacobi endomorphism of the variation
of geodesics. In Chapters 9 and 10, we derive several important equations for
the quantities introduced in the previous chapters.

The flag curvature of Finsler metrics is the generalization of sectional cur-
vature of Riemannian metrics. It is a function of a tangent plane and a vector
(pole vector) in the plane. We say that a Finsler metric is of scalar curvature
if the flag curvature is independent of the tangent planes containing the pole
vector. When the flag curvature is constant, the Finsler metric is said to be
of constant curvature. In Chapter 11, we prove several theorems for Finsler
metrics of scalar curvature and constant curvature. Some interesting metrics of
constant curvature are discussed as well.

In Chapter 12, we discuss Projective Geometry of spray and Finsler metrics.
We prove the Rapcsik theorem which is one of the most important theorems in
Projective Geometry. We derive an equation for the Riemann curvature under
a projective change. In Chapter 13, we continue the discussion on projective
geometry, and introduce two essential projective invariants, the Douglas cur-
vature and the Weyl curvature. These two quantities play important roles in
understanding the projective properties of sprays and Finsler metrics.

In Chapter 14, we study some global problems via the exponential map and
Jacobi fields. We prove several comparison theorems for positive definite Finsler
spaces and describe isotropic sprays and Finsler metrics of constant curvature.

The topics in this book are selected based on author’s own interests. Some
important topics and applications such as Lagrange geometry are only briefly
discussed. The interested readers should consult books written by R. Miron and
others [Mil][MiAn].



Chapter 1

Minkowski Spaces

In this chapter, Minkowski spaces will be introduced. First, let us take a look at
Euclidean spaces. Let R™ denote the n-dimensional canonical real vector space.
Define

S Wik y=(")eR" (1.1)
i=1

| - | is called the standard Euclidean norm on R™. We denote R" = (R™,|-|)
which is called the standard Fuclidean space. The standard inner product (-,-)
on R™ is defined by

(u,v) := Zuivi, u = (u'), v=(v') € R™.
i=1

This gives rise to the Euclidean norm

lyl = V(y, ).

More general, consider a nondegenerate bilinear symmetric form @ on an
n-dimensional vector space V. Take a basis {e;}7, for V and express () as
follows

Q(u,v) == ajju'v?, (1.2)
where u = u'e;, v = v'e; and (a;;) is a symmetric matrix with det (a;;) # 0.
This gives rise to a nondegenerate quadratic form on V

L(y) == Q(y,y). (1.3)
Q is called an inner product in V if it is positive definite. In this case,
a(y) = vVQ(y,y)

is called an Euclidean norm on V and the pair (V,«) is called an Euclidean

space. Every Euclidean space is linearly isometric to the standard Euclidean
n

space R".
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1.1 Minkowski Functionals

We can generalize nondegenerate quadratic forms.

Definition 1.1.1 Let V be a finite dimensional vector space. A Minkowski
functional on V is a function L : V — R which has the following properties:

(i) Lis C* on V\ {0},
(ila) L is positively homogeneous of degree two, i.e.,

L(\y) = XNL(y), A>0,yeV (1.4)

(iib) for every 0 # y € V, the fundamental form g, on V is nondegenerate ,
where
1
9 0) = 3 5t

[L(y + su + tv)||s=t—0. (1.5)

A Minkowski space is a pair (V, L) where V is a finite dimensional vector
space and L is a Minkowski functional on V.

By definition, if @) is a nondegenerate symmetric bilinear form on a vector
space V, then

L(y) == Q(y,y)

is a Minkowski functional.

For a Minkowski functional L on a vector space V, the indicatriz of L
S=S;US_
is defined by
Sy = {y eV, L(y) = il}. (1.6)

If L changes sign on V, then S is disconnected. In this case, the cone C of L is
non-empty.

C:= {y €V, Lly) = o} £ 0. (1.7)

For a vector y € S, the tangent space of S at y, T},S, can be identified with
a hyperplane W, in T M in a natural way, where

W, = {w eV, gy(y,w) = 0}. (1.8)
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Example 1.1.1 Define L. : R? — R by
L. (u,v) = u® + ev?,

where ¢ # 0. L. is a Minkowski functional on R2. The indicatrix of L ; is the
hyperbola in R? and that of L; is the unit circle in R2. il

Let V be an n-dimensional vector space and {e;}?, a basis for V. Then
L = L(y'e;) is a function of (y*) € R". Put

1 O0%*L
9ij(y) == §W(y)- (1.9)
Then o
gy (u,v) = gij(y)u'r?,

where u = u’e; and v = vie;. It follows from the homogeneity of L that

%gyL,- (y) = 9i;(v)y’ (1.10)
L(y) = 9i5(y)y'y’ (1.11)

Observe that the sign of the determinant det(g;;(y)) does not change on
V\ {0}. We can define

1 if det(g,-j) >0

ind (L) := { ~1 i det(gyj) <O. (1.12)

ind (L) is called the index of L.
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Let k(y) denote the number of negative eigenvalues of g,. By continuity, we
see that k = k(y) is independent of y € V' \ {0} and the index of L is given by
ind (L) = (—1)*.
If £ =0, it follows from (1.11) that
L(y) > 0, y e V\{0}.

In this case, L is said to be positive definite and (V, L) is called a positive definite
Minkowski space. Usually, we denote a positive definite Minkowski functional
by

F(y) == v L(y).

The reader should consult A.C. Thompson [Tho] for comprehensive discussion
on positive definite Minkowski functionals.

Example 1.1.2 Define F : R® — [0, 00) by

where A is an arbitrary nonnegative number. One can easily verify that F is a
positive definite Minkowski functional on R". il

Example 1.1.3 There are many Minkowski functionals on a real vector space
V in the following form

W=

F(y) = [Qy,y,y,v)]

where Q = Q(u,v,w,z) is a symmetric multi-linear form on V. Consider the
following functional on R2

1

F(u,v) := {u4 + 2cu’v? + v4}z.

If 0 < ¢ < 3, then F is a positive definite Minkowski functional on R2.
K. Okubo studied the following type of functionals

F(u,v) := { ()\u2 + /w2) (,uu2 + )\UQ) }i, (1.13)

where A, u are positive numbers. Rewriting it as follows

A2 1
F(u,v) = ()\,u)%{u4 + 2Tuuuzv2 +v4}4,



1.1. MINKOWSKI FUNCTIONALS 7

one can see that if A and p satisfy

1 A 1
3-2V2=— <> <3+2V2=—"
3+2v2 " p 3-2v2
then F'is a positive definite Minkowski functional.
One can also construct many Minkowski functionals on R? in the following
form

F(u,v) := \/au2 + b2 4+ Vut + 20u20? + vt + Au

with suitable positive constants a,b and c. i

We have introduced regular Minkowski functionals on a vector space. The
reality is that there are more singular Minkowski functionals than regular ones.
Sometimes, we have to study singular Minkowski functionals in applications.
Let C be an open cone in V, i.e., C \ {0} is an open subset satisfying

Ay € C, A>0,y€eC.

A Minkowski functional on V with regular conical domain C is a function
L : C — R which has the following properties:

(i) Lis C* on C\ {0},
(ila) L is positively homogeneous of degree two, i.e.,

L(\y) =NL(y), A>0, yeC,

(iib) for any 0 # y € C, the fundamental form g, is nondegenerate.

Example 1.1.4 Let

F(y) = {Zn: (y")4}%, y € R".

i=1

F' is a singular Minkowski functional on R™. il
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Example 1.1.5 (Berwald-Moor functional) Define L : R — R by

L(y) = (yl--~y”) " (1.14)

A direct computation yields

9ij(y) = L) (2 - 5ij)

ny'y’ \n
and (1)
det (gij (Z/)) =
Thus L is a singular Minkowski functional. See [Mad4]. i

Example 1.1.6 Let L(«, ) be a positively homogeneous function of degree
two on R?, i.e.,

LA\, A\B) = N’L(e, B), A>0, o, 3 € R

Let a(y) = v/a;;y'y’ be an Euclidean norm and B(y) = b;y* a one-form on a
vector space V. Define

L(y) == L(a(y), B(y))

L(y) is called an (a, B)-functional on V. (a, )-functionals have been studied
by many Finslerian geometers. Recently, Sabau-Shimada [SaSh] made a classi-
fication of (a, §)-functionals. To determine whether L is a (singular) Minkowski
functional, Matsumoto introduced several invariants [Ma4]

_ La _ Lss _ Lag _ Laa  La
P=oa M= 720 P17 P27 042 7 203
Put '
Yi = ay’.
The fundamental form of L is given by
Gij = pa;; + pobib]‘ + p_1(b¢Yj + bJY,) + p_2YiY;. (1.15)

Let

. 2
)\:p;z_p_o(p;l) W p-1 5::'00

p P\ Po
We rewrite (1.15) as follows

9ij = p{aij + VY +8(bi + p¥) (b + ;) }. (1.16)

Consider a special («a, §)-functional

L= (a+p)>
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L is called a Randers functional. By an elementary argument, we obtain

a+p

det(gij) = ( )"+1 det(as;). (1.17)

f

Definition 1.1.2 Let V be an (n—1)-dimensional real vector space. A function
¢ = ¢(&) on 'V is called a Lagrange functional if it is C*° on V — {0} and

Peage (§) # 0, £ev.

In addition, if ¢ = ¢(&) is positively homogeneous of degree two in &, then ¢
is a Minkowski functional. In this sense, Lagrange functionals are generalized
Minkowski functionals. However, Lagrange functionals are not essentially more
general than Minkowski functionals.

Given an arbitrary functional ¢ on R” !, define

2 n 2
) Y
Liy) = [y'o(%. . 5)] 1.18
() )i m (1.18)
It is easy to see that ¢ is C° on R"~! if and only if L is C* on R™\ {y' = 0}.
The following lemma tells us that if ¢ is a Lagrange functional, then L is a
singular Minkowski functional.

Lemma 1.1.3 Let ¢ be a C™ function on R™ ! and L a C>® function on
R™\ {y! = 0} given by (1.18). Let

1

hao(€) = Soeecr(©)  9is(y)

Then at y = (1,€) with ¢(&) # 0, the following are equivalent

det(hab(f)) £0 <= det (g,-j(y)) £0.
Proof. An easy computation yields that

<g11 g1b> _ <¢2 —200a€? + ($al?)* + 20ha " ¢y — drpal’ — 2¢hbd§d>
Ga1  Yab ¢¢a - ¢a¢d§d - 2¢had§d 2¢hab + ¢a¢b
where ¢, := %(f).
Assume that det (hab(f)) = 0. Then there is a vector ¢ = (¢2,-++,(") #0
satisfying
hav(€)¢" = 0. (1.19)
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Let
o= (08, 0") = (BaC? —6C" + 9uC°€").
Clearly, v # 0. One can easily verify that at y = (1,£)
9ij (y)v’ = 0. (1.20)

Thus det(g;;(y)) = 0.

Conversely, if det (gij(y)) =0 aty = (1,£), then there is a vector v =
(vt,---,v™) # 0 satisfying (1.20). Let

C: (Cga"'agn) = (_UQ +U1€27"'7_Un+vlfn)'

We claim that
hap(€)C° =0, and ¢ #£0. (1.21)

To verify (1.21), we substitute v® = —¢¢® + £%0! for v in (1.20) and obtain

(6 — ¢a€h)o" = [(¢ = $a€")haC® — 20hap(E"] =0 (1.22)

$av" — [20has + G| (" = 0. (1.23)
Contracting (1.23) with £ yields
Pat™v" — [$a€$pC" + 20har€¢"] = 0. (1.24)

Adding (1.24) to (1.22) yields
vl — " = 0. (1.25)
Plugging it into (1.23) gives hq;¢® = 0. From (1.25), we see that { # 0, otherwise
vt =0, then v = —¢(® + £%! = 0. This proves (1.21). Thus det(hq,(€)) = 0.
QED.
Example 1.1.7 Let ¢ : R*! — R be given by
P(E) = A+ A" + At e,

where det (Aab) # 0. Define

Ayty' + Agytyt + Aaby“y”)2
y! '

Liy) = (
By Lemma 1.1.3, we know that for y = (1,&) € R™ with ¢(§) # 0,

det (gij(y)) #0.
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Thus L is a singular Minkowski functional. L is called a Kropina functional on
R”. A general Kropina functional on R" is a singular Minkowski functional in

the following form
_ Lo(y)\?
L) = ( By) )

where L, is a singular Minkowski functional and f is a 1-form on R".
Let L(§) = L(£2,--+,£™) be a Minkowski functional on R"~! and A4, As,---, A,
be constants. Define

1 - 17 (Y y"\1?
L(y) = [Ay +ZAaya+yL(y_177y_1):| -
a=2
Then L is a singular Minkowski functional on R". il

1.2 Cartan Torsion

For a singular Minkowski functional L on a vector space V with regular conical
domain C, there is an important quantity introduced by P. Finsler [Fi] and
emphased by E. Cartan [Ca)]. Fix a basis {e;} ; for V. L = L(y’e;) becomes a
function on an open cone in R™. For a vector y € C \ {0}, let

1
C,'jk (y) = ZLyznyk (y) (126)
Define C, : Vo V®V = R by

C?J(“’: v, U)) = Cljk (y)ulvjwka

where u = u'e;,v = v/e; and w = w¥ey. C, is a multi-linear symmetric form

on V. It follows from the homogeneity of L that
The family C := {C, },cc\ o} is called the Cartan torsion. The following propo-

sition is trivial, due to E. Cartan.

Proposition 1.2.1 ([Ca]) For a Minkowski functional L on a vector space V,
C =0 if and only if L is quadratic.

For a vector y € C \ {0}, define I, : V — R by

I(u) =) Cylu,ei,e)9" (y), (1.28)

ij=1
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where {e;}_, be an arbitrary basis for V and g¢;;(y) := gy(es, ;). We call the
family I := {I,},cc\(o} the mean Cartan torsion. The mean Cartan torsion is
an important quantity for Minkowski functionals.

Let I;(y) :=L,(e;). It is easy to verify the following

Ii(5) = 69 ()i () = 5.7 [ 1n Vet (g (1.29

Thus I = 0 if and only if det(g;;(y)) = constant. There are many non-quadratic
Minkowski functionals with I = 0. For example, the Berwald-Moor functional
in (1.14) has vanishing mean Cartan torsion. It is proved by A. Deike that every
positive definite Minkowski functional with I = 0 must be Euclidean [De]. In
[JiSh], we show that there are infinitely many non-Euclidean singular Minkowski
functionals with I = 0 which are defined on a small open cone in R"™.

For a positive definite Minkowski functional L on a vector space V, define

IC = sup |Cy(v,0,0)
gy(v,v):l

. |ICll= sup [|Cy]|.
L(y)=1

Note that C = 0 if and only if ||C|| = 0. Thus ||C|| measures the non-
Riemannian features of L at certain degree.

Let a(y) = \/a;;y'y? be an Euclidean norm on a vector space V and 3(y) =
by’ a linear functional on V. Consider

F(y) :== a(y) + B(y).

F or L = F? is called a Randers functional. Assume that

o = Su =4/ab;b; < 1,
18] ( pllﬁ(y)l \/ i

a(y)=

where (a¥) := (a,-j)_l. Then it is easy to see that F is a positive definite
Minkowski functional. By an elementary argument,

Ic| = %\/1 ~VI-TBE < % (1.30)

See Example 1.2.2 or [BaChShl] for a proof in dimension two. See also [Sh§]
for a proof in higher dimensions. A Randers functional is a linear shift of
an Euclidean norm. In the “universe” of Minkowski functionals (“planets”),
Randers functionals are the “planets” closest to the “Euclidean system”. No
wonder, their Cartan torsions have uniform bound.
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Randers space

Randers space
e @
Euclidean system

o Randers space

Randers space

Minkowski Planes: For a (singular) Minkowski functional L on an oriented
vector plane V, the Cartan torsion is determined by a scalar function on V\ {0}.
First we prove the following

Lemma 1.2.2 Let (V,L) be a Minkowski plane. For a vector y € V with
L(y) # 0, there is a vector y= € V \ {0} such that

gy(y,y") =0,  gy(y",y") =¢ L(y), (1.31)

where € = ind (L) denotes the index of L defined in (1.12). Moreover, {y,y*}
is positively oriented if L(y) > 0 and negatively oriented if L(y) < 0.

Proof of Lemma 1.2.2: Take an oriented basis {ej,e2} for V. This basis deter-
mines a global coordinate system (u,v) in V. Let

L(u,v) := L(ue; + ves).
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For a vector y = ue; + vey € V \ {0}, define y* by

L Ly,
yt = vt e (1.32)
\/|Luuva - LuvLuv|
Observe that
LvLuu - LuLuv = [Luuva - LuvLuv] v
_LvLuv + LULUU = |:LUULUU - LuvLuv:|U-
Thus
L;Z;Luu - 2LuLULUU + LiLUU = LU [LvLuu - LuLuv] + Lu[_LvLuv + LULUU]
= (ULu + ULU)[LuuLUU - LuvLuv]
2L[Luuva - LuvLuv]-
Using these identities, one can easily verify that
gy, yH) = 0,
L2Lyy — 2Ly Ly Ly + L2 Ly,
gy(ytyt) = = == = eL(y).
2 LuuLvU - LuvLuv
Thus y= satisfies (1.31). Q.E.D.
The pair {y,y*} is called the Berwald frame at y. Define
Cylyh,yhy*
1) = VYY) g, (133

L(y)

From the definition, we see that I has the following homogeneity property:
Iy) = L(y), A>0, yeV\{0}.
We call I the main scalar of L.
Assume that L is a positive definite functional on a vector plane V. Hence
LyyLyy — LyyLyy > 0.

As in the proof of Lemma 1.2.2, we fix a basis {e;,es2} for V and denote by
(u,v) the corresponding global coordinate system. Then L(u,v) = L(ue; + ves)
is a function on the uv-plane. By the homogeneity of L, we have

1
LyyLyy — LyyLyy = E (QLLUU - LULU)7
3 2
Luuu = _(E) vav; Luuv = (E) vav; Luvv = _(E)Lvmw
u u u
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Observe that for y = ue; + ves

lLuuu(_Lv)g + 3Luuv(_Lv)2Lu + 3Lum)(_Lv)(Lu)2 + vav(Lu)3

I(Y) = 4 )
L(Luuva - LuvLuv)
3
1 u? (%Lv + Lu) Lyyy
= Z 3
L(2LLM, - L,,L,,) :
2L,
= 7
(2LLM - L,,L,,) :
Thus )
2L°L
I(y) = - (134)

(2LLM, - Lva) :

Express L as \
s = ()]

where ¢ = ¢(&) is a positive C*° function with ¢¢¢(€) > 0. Then for y = e; +&es

3¢ pec + ¢
I(y) = =5 (1.35)
202 (¢ee)
Example 1.2.1 Let
2+2a 14+aq2
L(u,v) =2 5 :I:’LL(E) ] , u>0,v>0,
u=e U
where a > 0. Plugging ¢ = 172 into (1.35) gives
142
= _ltea = constant.
a(l+a)
Note that
minI = 2, max I = oc.
a>0 a>0
#

Example 1.2.2 Let

F(u,v) = Vu2 +v2 + Bu = |u|{ 1+( )2+EB},

(%
u
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where |B| < 1 and € = %+ (the sign of u). Plugging ¢ = /14 &2 + €B into
(1.35), we obtain the main scalar at y = (1,¢)

[__3 eB¢

2 (1+§2)1/41/m+5B'
max |I| = %\/1—\/1—32.

Clearly, the above estimate holds for any two-dimensional Randers functional
F = a+ p with B :=||f||o < 1. Note that in dimension two,

It is easy to see that

[|C|| = max [I|.

cl < %\/1_\/1_32. (1.36)

The bound (1.36) is actually true for Randers functionals in any dimension.
One can prove this using dimension reduction method. The proof is left to the
reader. #

Thus

Let L = F? be a positive definite Minkowski functional on V = span{e;, es}.
Parameterize C' := F~1(1) by ¢(s) such that

Ge(s)(¢(s),¢(s)) = 1.

Let
I(s) := I(c(s)).
According to O. Varga [Va], the vector-valued function ¢(s) satisfies the following

equation
"(s) +I(s)c'(s) + ¢(s) = 0. (1.37)

See Section 1.3 below for a proof.

Below we are going to express Minkowski functionals for a prescribed main
scalar I(s). Let ¢(s) and ¢(s) be two linearly independent solutions of the
following equation

y"(s) + 1(s)y'(s) +y(s) = 0. (1.38)
Put
c(s) := ¢(s)er + ¥(s)ex.
Then c(s) satisfies (1.37). Assume that 9(s) # 0 and x(s) := ¢(s)/¢(s) has the
inverse on an interval. Define

F(uel + 1}62) S (1.39)

sox~'()
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Let I denote the range of y and
C .= {uel +ves €V, % €1, F(ue; +veg) > 0}.

F is a positive function on C.

Lemma 1.2.3 The function F defined in (1.39) is a positive definite Minkowski
functional on C and the main scalar of F is I(s).

Proof- Clearly, F' is positively homogeneous of degree one. Let ue; + ves € C
satisfy F(ue1 + U€2) =1and s = X_l(%). Then

u=d0ox (%) = o(s)
Since o(5)
X(S) = ’QZJ(S) = ;7
we obtain
v =1(s).

This implies ue; + ves = ¢(s). Therefore F~1(1) is the curve ¢. One can prove
that F is a positive definite Minkowski functional on C and the main scalar of
F at ¢(s) is just I(s). The proof is left to the reader. Q.E.D.

Now we give the list of all singular positive definite Minkowski planes with
constant main scalar. This is due to [Bw5]. We divide the problem into three
cases.

Case 1: I2 > 4. The general solution of (1.37) is given by

c(s) = e s(IHVE—)s, o e_%(l_m)sb, (1.40)

where a and b are linear independent constant vectors. The Minkowski func-
tional F' is given by

F(y) = bi(y)* V= o(y) ¥ Vs, (1.41)

where 1,82 € V*.
Case 2: I? = 4. The general solution of (1.37) is given by
c(s) = e 205 4 se—21p, (1.42)

where a and b are linear independent constant vectors. The Minkowski func-
tional F' is given by

F(y) = B2(y) eXp{gg:EZ; } (1.43)
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Case 3: I? < 4. The general solution of (1.37) is given by

1 1
c(s) = e 7% cos (5 V4 -T2 s)a +e P sin (5\/4 —-I2 s)b, (1.44)

where a and b are linear independent constant vectors. The Minkowski func-
tional F' is given by

F(y) = VB1(y)* + Ba2(y)? exp{ 41_ B tan™" (glg;)} (1.45)

The formulas of Minkowski functionals with constant main scalar are also
given in [MaSh1][MaSh2].

1.3 Varga Equation

In the previous section, we mentioned the Varga equation (1.37) for two-dimensional
Minkowski functionals. In this section, we will prove the Varga equation for
Minkowski functionals in all dimensions. Readers who are not familiar with
geodesics and the Levi-Civita connection in Riemannian geometry can skip this
section.

Every Minkowski functional L on a vector space V induces a Riemannian
metric g on V \ {0} as follows. Define

Gy(u,v) = gy(u,v), w,veT,VaV. (1.46)

The indicatrix S = L™(1) U L7!(-1) of L is a hypersurface in V.

(1,5:9,)

For a point y € S, we can identify T,S with the following hyperplane W, in V

W, = {U €V, gy(y,v) = O.}.
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Define g, : T,S x TyS — R by
gy(u,v) = gy(u,v), w,ve€T,S=W,. (1.47)
g = {gy}yes is a Riemannian metric on S. Define C, : T,,S ® T,S — T,,S by
9y (Cy(u,v),w) = Cy(u,v,w), u,v,w € T,S~ W,. (1.48)

C = {Cy }yes is called the Cartan tensor on S.
Let ¢ : S — V denote the natural embedding. We view ¢ as a vector-valued
function on S. Let (u®) be a local coordinate system in S. At y = p(u) € S,

Jab := gy(%, 6%,,) are given by

Gab = gij (P(u))pie) (1.49)
and C’;b 5oz 1= Cy(aza, 621,) are given by
CSy = §°"Ciji (0(u)) gl gk (1.50)
where ! := g:’:.

For a smooth function f on S, define the Hessian D2 f by
0 p O

D2 f(u,v) := fapu®o’®, u= u“ﬁ,
where f,,, are given by

0% f o Of

Ou*dub ab ouc’

where ¢, denote the Christoffel symbols of g.

fa;b =

Proposition 1.3.1 ([Va]) The natural embedding p = ¢4 : Sy = L7 (£) -V
satisfies the following equation

D%p 4+ dp(C) £ § ¢ = 0. (1.51)

Proof: We begin with following identity

9ij ()¢’ = L(p) = 1. (1.52)
Let ¢, := 6u“ and @gp = m Differentiating (1.52) yields

9ij (@)’ el =0, (1.53)

91 ()l + gij (©)p' vl = 0. (1.54)
Express

Phy = AZppl + Aave’ (1.55)



20 CHAPTER 1. MINKOWSKI SPACES

It follows from (1.49), (1.53) and (1.54) that

Aab £ gab = 0. (]_56)
Differentiating (1.49) yields
g . .
a%cb = 2Cabe + Jaalje + Jradye. (1.57)

Since Ag. = A%, from (1.57), we obtain
;ch = 7((110 - C(slc (158)
Plugging (1.56) and (1.58) into (1.55) gives (1.51). Q.E.D.

The Varga equation plays an important role in the study of Minkowski func-
tionals. The Varga equation can be generalized to hypersurfaces in a Minkowski
space. See [Sh4] .



Chapter 2

Finsler Spaces

The study of Finsler metrics began with P. Finsler’s dissertation [Fi] in 1918.
Finsler’s thesis was was published in 1951. In his thesis, Finsler mainly studied
the variational problems of Finsler metrics. He did not introduce the notions of
curvatures which are the central concepts in geometry.

In this chapter, we will first discuss some basic facts on Finsler spaces —
manifolds equipped with a Finsler metric.

2.1 Finsler Metrics

Let M be an n-dimensional manifold. The tangent bundle 7'M consists of all
tangent vectors on M with the natural manifold structure. Let 7 : TM — M
denote the natural projection. Let (U,¢) be a local coordinate system in M.
Namely, U is an open subset of M and

p=(¢' 9" U R"

is a diffeomorphism onto an open subset of R™. %’s are functions on U/ and
their values z* = ¢*(x) at a point z € U are called the coordinates of z. Such a
map ¢ is called a coordinate map on M. The coordinate map ¢ induces a map

¢=(¢", -, 9" U:=7""'U) - R" xR"
which is defined by
@(y) = (mla"'amnayla"'ayn)a

¢ € T M and ¢(x) = (z',---,2"). ¢ is a diffeomorphism from

where y = yi%
U onto an open subset in R2". We call (i, @) the standard local coordinate sys-
tem in TM. For simplicity, we usually let (2?) stand for (i, ) and (z¢,y?) for
(Z;I ,). Sometimes, we do not distinguish a point z € M with its coordinates

(z%) and a vector y € TM with its coordinates (x?,?), if no confusion is caused.

21
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The coordinate map ¢ induces n linear independent vector fields on i denoted

by {% i1, and the standard local coordinate map ¢ induces 2n linear inde-

pendent vector fields on ¢ denoted by {%, a%i ® .. For a scalar function L

on TM, L(y) is viewed as a function of (z¢,y?) in a standard local coordinate
system, not a function of (y*), otherwise indicated.

Now we define Finsler metrics on a manifold.

Definition 2.1.1 Let M be a manifold. A Finsler metric on M is a function
L :TM — R which has the following properties

(i) Lis C* on TM \ {0},

(ii) for any & € M, the restriction L, := L|r, pr is a Minkowski functional on
T, M, namely, the following two conditions are satisfied

(ila) L, is positively homogeneous of degree two, i.e.,
L.(\y) = NL.(y), A>0,yeT,M\{0} (2.1)

(iib) for any y € T, M \{0}, the fundamental form g, on T;; M is nondegenerate,
where

1 0?
gy(u,v) = Easat

Lo(y+ su+t0)|[smimo, w0 € T,M,

A Finsler spaceis a pair (M, L), where M is a manifold and L is a Finsler metric
on M.

Let (M, L) be a Finsler space. Take a basis {e;}", for T, M. L(y) = L(y’e;)
is a function on R™. Let

9i0) = 5Ly (), € TM\ {0, (22)

Then
Gy (u,v) = gij(y)uzvja

where u = u'e; and v = v'e;. It follows from the homogeneity of L that

1 .
5Ly (W) = 935 W)y’ (2.3)
L(y) = gi;(v)y'y’- (2.4)
If we take a natural basis e; := % in a coordinate neighborhood U, then

9ij(y) are C* functions on 7= (U) \ {0} =~ U x (R™\ {0}). Thus det(g;;(y))
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does not change the sign on 7! (/) \ {0}. Further, det(g;;(y)) does not change
the sign when the coordinate system is changed. Thus

. _J1 if det(gij) >0,
ind (L) := { —1 if det(g;;) < 0.
is well-defined. We call it the indez of L. Let k(y) denote the number of negative
eigenvalues of (g,-j (y)) By continuity, k = k(y) is independent of y € T M\ {0}.

Moreover,

(2.5)

ind (L) = (-1)*.
When k =0, it follows from (2.4) that
L(y) >0, yeTM)\{0}.

In this case, we call L a positive definite Finsler metric and (M, L) a positive
definite Finsler space. We usually denote a positive definite Finsler metric L by
its square root

F(y) == v/ L(y).

Let (M,L) be a Finsler space. Since every L, := L|r,p is a Minkowski
functional on T, M. Fix an arbitrary basis {e;}; for T, M. Then L = L(y’e;)
is a function of (y*) € R™. For a vector y = y'e; € T, M, let

1
Cijk (y) = ZLyiyjyk (y) (2.6)
Define Cy : T,M @ T, M ® T, M — R by
Cy(u,v,w) = ijk(y)uivjwka

where u = u’e;, v = vle; and w = w'e;. It follows from the homogeneity of L
that
C,(y,v,w) = 0. (2.7)

We call the family C := {Cy},ern\ (o} the Cartan torsion of L. Similarly, we
define the mean Cartan torsion L, : T, M — R by
Iy(u) = Il(y)ula u = uieia
where ‘
Li(y) == ¢'" (y) Cijie (y)-
It follows from (2.7) that
I,(y) = 0.

For oriented Finsler surfaces, we can also define the essential part of the (mean)
Cartan torsion — the main scalar I as in (1.33) .

Our first important class of Finsler metrics are Riemannian metrics (C = 0).
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Example 2.1.1 Let ¢ = {g.}.em, where g, is a nondegenerate symmetric
bilinear form in T, M such that in local coordinates (z?),

gij(x) = YJa (%h, a(%b)

are C'° functions. Let k denote the number of negative eigenvalues of g,. ¢ is
called a pseudo-Riemannian metric if £k > 0 and a Riemannian metric if k = 0.
Put

L(y) :==g(y,y), yeTM.
L is a Finsler metric. When g is positive definite, we usually denote it by

aly) =vgl,y), yeTM.

f
Let | - | and (,) be the standard Euclidean norm and inner product in R".
We have the following interesting Riemannian metrics defined on R™ or B™.
e G ) )
- 1 _ |.'L'|2 ? ( : )
wf? + (Ja2lyP - (z,9)?)
L = 5 ; (2.9)
(15 17)
e G Jio
B 14 |z? ’ (2.10)
w2 = (Jal2lyP - (z.9)?)
L = . , (2.11)
(1-1p)
= % (2.12)

(1)

All these Riemannian metrics have special properties. Riemannian metrics in
(2.8) and (2.9) have constant curvature = 1 and these in (2.10), (2.11) and
(2.12) have constant curvature = —1. The notion of curvature will be defined
later. The metric in (2.11) is called the Klein metric and the metric in (2.12) is
called the Poincare metric.

Let S and S” denote the standard unit upper semisphere and lower semi-
sphere in R""! respectively. Define a map

¢+ :R" = SL C R

by

vale) = ( (2.13)

T +1 )
VIt 1+
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S’IL
Rn

¥4 and ¢ cover S’} and S” respectively. The pull-back of the standard Rie-
mannian metric on S” by ¢ is just the metric in (2.9). We can deform the
metric in (2.9) to get non-trivial Finsler metrics on R™ and S™. See Examples
2.2.1 and 2.2.2 below.

There are several important Finsler metrics arising in physics, among them
are Randers metrics (see [AnInMal).

Example 2.1.2 (Randers metrics) Let & = a(y) be a Riemannian metric on a
manifold M and 8 = B(y) be an 1-form on M. Suppose that

[1Blla :== sup B(v) <1.
a(v)=1
Define
F(y) == aly) + B(y). (2.14)
F' is a positive definite Finsler metric. Randers metrics were introduced in the

unified field theory and have been the basis of various branches of theoretical
physics [AnInMa)].

The following Randers metrics are very special. All of them are isometric to
each other. They are the deformation of special Riemannian metrics in (2.10)-
(2.12).

2+ (122 = @0)?) )
F: o= v ey 2P
o = (1l = (o)
o (z,y)
F. = 20 TP + 52(1 — )’ (2.16)
R.o— vl 2@y (2.17)

T—lz* ™ 1= |z
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where |e] < 1. F. is of constant curvature —1 when € =1 . The pair of metrics
in (2.16) with ¢ = 1 are called the Funk metrics on the unit ball. It is proved
by T. Okada [Ok] that the Funk metrics have constant curvature —1 (compare
[Ful] [Bw3]). More details will be given in Sections 2.3 below. i

Example 2.1.3 Let ¢ = ¢(z,y) and p = p(z,y) be smooth functions on open
domain 2 C R2. Assume that c satisfies

0 < c¢(z,y) < 3.

Then, according to Example 1.1.3, the following function on TQ = Q x R?

1
F .= e/’(z’y){u4 + 2¢(z, y)uv? + U4}4 (2.18)

is a positive definite Finsler metric. The author learned from Matsumoto that,
In 1977, K. Okubo studied the following type of Finsler metrics on an open
domain € in R?

1
s

F={ (Mo +ule.yp?) (neep)w + M yp?) ) (@219)

where A(z,y) and p(z,y) are positive functions. As shown in Example 1.1.3,
Okubo’s metrics can be expressed in the form (2.18). Thus, they are positive
definite Finsler metrics if A(z,y) and p(z,y) satisty

1 A 1

3-2v2= <
3+2v2 plry)  3-2V2

We also come across lots of singular Finsler metrics in applications. Let
L :TM — R be a function satisfying (2.1). Let CM C T'M \ {0} be an open
cone, i.e., CM = UzepCo M is a fiber bundle over M such that each fiber C, M
is an open cone in T, M \ {0}. Suppose that L has the following properties

(a) LisC*®in CM,

(b) the fundamental form g, is nondegenerate for y € CM,
then L is called an singular Finsler metric and (M, L) is called a singular Finsler
space.

The Cartan torsion can be defined for singular Finsler metrics exactly in the
same way as for the regular ones.

Example 2.1.4 Given an arbitrary function I(s), a < s < b. Let ¢(s) and ¢(s)
be two linearly independent solutions of the following equation

y"(s) + 1(s)y'(s) + y(s) = 0. (2.20)
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Assume that 1(s) # 0 and x(s) := % has the inverse x~! on an interval (a, b).

Let M be a surface. Suppose that there are two pointwise linearly indepen-
dent 1-forms a and 8 on M. Define

aly
F(y) := %, y€TM. (2.21)
pox (W)
Clearly, F satisfies the homogeneity condition
F(\y) =AF(y), A>0.

Let {a,b} be a frame on M, which is dual to {a, 3}. At each point z € M, let

Cm(S) = ¢(S)ax + "/)(S)bm
¢z is a curve in T, M. Observe that

afc; (s s
Foes(s)) = ales) _ots)
—1( alex(s)) —1( o(s)
oox Betn) 20X v
Thus the indicatrix of F, in T, M is the curve ¢;. Lemma 1.2.3 tells us that
F, is a singular positive definite Minkowski functional on T, M with the main
scalar I(s). We obtain a Finsler metric F' = {F },cnm on M such that the main
scalar of F, in T, M is the same I(s) for all z € M. It is known that when

I(s) = constant, F' is a Berwald metric. This fact is first proved by L. Berwald
[Bw5]. il

=1 (2.22)

Example 2.1.5 Let m be an odd integer. The following metric is a generalized
Berwald-Moor metric.

1

m

F(y) := [am (2)y - - -yim] , (2.23)

where a;,...;,, (x) are functions on an open subset @ C R™. F is a singular
Finsler metric on  in many cases. The Finsler metric in (2.23) is also called
an m-th root metric. In his work on generalized Berwald spaces [Wal] [Wa2],
V.V. Wagner first studied a special class of m-th root metrics. Later on, M.
Matsumoto and others wrote several papers on m-th root metrics. See [Mal2],
[MaOk] and references therein. il

Example 2.1.6 Given A > 0, a,b,c¢ > 0. Define L : TR? — [0, 00) by

(2.24)

p1FEN 2
)
U

L:=exp | — 20,2 + 2\ + Dagz® + 21/3xy] ( T
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where A, a; are positive constants. L is a Berwald metric. It is locally Minkowskian
if and only if v3 = 0. See Examples 6.1.2 and 6.1.2 below. This Finsler metric
has an application to heterochrony [AnHaMo].
There is another interesting metric studied by Antonelli [Anl].
L:=exp |4 +
a

b—a ., (u 2, .2
— o tan (;)](u +u ) (2.25)
This metric is actually a locally Minkowskian metric. See Example 8.2.5 below.

f

a? + b?

- (az + by)] exp [2

The above mentioned Finsler metrics belong to the following family of sin-
gular Finsler metrics on R2.

L =e* @Y N (u,v), (2.26)

where N is a Minkowski functional with constant main scalar. The Finsler
metric in (2.26) was used in coral reef ecology [AnInMa]. By [Lal][La2][Bw5],
we know that F' is a Berwald metric.

A Finsler metric L is called an Antonelli metric if at every point, there
is a local coordinate system (called an adapted system) in which F;k(y) =
F;k(yl,---y”) are functions of (y°) only. This kind of Finsler metrics were
first studied by P.L. Antonelli [An2]. He calls them y-Berwald metrics. An-
tonelli metrics arise in time-sequencing change models in the evolution of colo-
nial systems. Any two-dimensional Antonelli metric is conformal to a locally
Minkowskian metric which can be expressed in an adapted coordinate system

as follows
L = e N (y, v), (2.27)

where F, is a Minkowski functional on R?. Conversely, any Finsler metric in
the form (2.27) must be an Antonelli metric (see Example 4.2.3). This fact was
proved in [AnInMa]. Two-dimensional Antonelli metrics were also studied in
[AnMaZa].

The simplest Antonelli metrics are those with constant Christoffel symbols in
adapted coordinates. They are also called constant-Berwald metrics. Constant-
Berwald metrics play an important role in the recent development of ecology.
Two-dimensional constant-Berwald metrics must be locally projectively flat. In
fact, they are either locally Minkowskian or pseudo-Riemannian. See [AnHaMo)]
[AnMa2] [AnInMa)] for further discussion.

Example 2.1.7 ([In]) In Luneburg’s theory of binocular vision, the binocular
visual space is presented in the form of a three-dimensional Riemannian space
of constant negative curvature with the following metric on the ball B3(r) of

radius r = 2/v/—k

u2+v2+w2

L1 = 5 -
]
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Note that 4L, is the standard Poincare metric on the unit ball 133(1) when k =
—4. Taking a consideration of other facts, R. Ingarden generalizes Luneburg’s
metric to 5
(u2 +v% + w2)
L, := 5 . (2.28)
[1 + %ﬁ(mz +y2 + 22)] (u2 + 02 + azvz)

Clearly, L, is conformally Minkowskian. il

Some Finsler metrics are constructed from Lagrange metrics. We now briefly
discuss Lagrange metrics below. Further discussion will be given in the next
chapter on variational problems.

Definition 2.1.2 Let I = (a, 8) and N be an (n — 1)-dimensional manifold. A
function ¢ : I x TN — R is a called a Lagrange metric on I x N if it has the
following properties

(i) ¢is C*® on I x (TN \ {0}),

(ii) for each n € N, the restriction ¢, := @|rx7,~n is a Lagrange functional on
T,N (see Definition 1.1.2)).

Let ¢ = ¢(s,&) be a Lagrange metric on M = I x N. Define a map L :
TM — R by
2
L(y) = [y'o(s,0)]", (2.29)
where y = y' £ @ y'¢ € T(,,)(I x N). By Lemma 1.1.3, we know that L is a
singular Finsler metric on M. It is possible that L is singular in the directions
y =& € TyN C T (I x N). In many problems, however, the singularity
does not cause much trouble. We can employ the methods developed in Finsler
geometry to study Lagrange metrics.

Example 2.1.8 In irreversible thermodynamics, the Riemannian approxima-
tion ignores the asymmetry of relativity entropy (information). If we take a
consideration of the ignored items, say, the third term of the Taylor expansion,
we obtain a Lagrange metric such as

¢ = Aap(5,1)E " + Aape(s,m)E°E"E°, (2.30)

where a,b,c = 2,---,n and det(Ag) > 0. This is studied by R. Ingarden and
his collaborators (see [In] and references therein). If a “thermodynamic time”
is introduced as a new coordinate, we obtain a Finsler metric in the form

_ Agb (-’E)yayb Aabe (UU)yaybyc 2
L= [ e e ] , (2.31)
wherea = 2,---,n. Here (A4 (7)) is a symmetric matrix satisfying det(Aqp(z)) >

0. If the second term is ignored, Ag. = 0, then L is approximately a Kropina
metric. !
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2.2 Spherical Metrics

In this section, we are going to introduce some important Finsler metrics on S™.
By the maps ¢4 : R™ — S in (2.13), we can express them in R"™.
For y € T, R™ = R", define

2(1 - €?)(z, y)*

A - 20,12 _ 2 2
<(¥) [z[*|yl* = (z,y)" +e yI” + T T e+ 1
. . 2 . . . .
Boy): = (loPlyf? = (o,9)?) +2¢ (Pl - (o,9)) Iyl + yl*,
where | - | and (, ) denote the canonical Euclidean norm and inner product in

R™ respectively. A. and B. are functions on TR™ = R™ x R™. For 0 < ¢ < 1,
define

Ac(y) + V/B:(y) Lo Vi e2(z,y)

F, = - )
=(y) 2(|$|4+25|w|2 +1) |zt + 2¢ 22 + 1

y e T,R". (2.32)

F. is a family of Finsler metrics on R™. Note that L := (F})? is just the
Riemannian metric in (2.9).
The family of Finsler metrics, F;, have the following important properties:

(i) The geodesics of F; are straight lines in R" as point sets;
(ii) The flag curvature of F; is always equal to 1.

We will give the notions of geodesics and flag curvature in later sections. To
verify these facts directly, we might have to employ a computer program (such
as Maple and Mathematica) on a fast computer.

Define

F.(y) = 1(FS(—y) + Fs(y)) _ | AW+ VB (2.33)
2 2(|m|4 + 2|2 + 1)

F. is reversible, i.e., F.(—y) = F.(y). The geodesics of F. are still straight lines
in R™ (see Section 12.2). However, the flag curvature of F. is no longer constant.
We only know partial information on the geometric properties of F.. The flag
curvature of F. is negative near the origin, but always larger than —2. While
the flag curvature approaches 1 near infinity.

Let ¢4 : R® — ST C R""! be two diffeomorphisms defined in (2.13). Then
¥4,1%_ push the Finsler metric F; to a smooth Finsler metric on S™. The
resulting Finsler metrics on S™ are projectively flat Finsler metrics of constant
curvature 1. These important examples are constructed recently by R. Bryant
[Br3]. Bryant’s examples in dimension two are described in the following
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Example 2.2.1 ([Brl][Br2]) As we have mentioned above, in dimension two,
the family of Finsler metrics in (2.32) are the pull-back of the Bryant metrics on
S2. Bryant defines his metrics in a different way. Let V be a three-dimensional
real vector space and V ® C its complex vector space. Take a basis {e1,e2,e3}
for V and define a quadratic Q on V x C by

Q(u,v) = e utv! + ePuv® + e u?, (2.34)

where u = u'e;,v = vie; and o, 3 € R. For y € V\ {0}, let [y] := {ty, t > 0}.
Then S :={[y], y € V\ {0}} is diffeomorphic to the standard unit sphere S* in
the Euclidean space R®. For a vector v € V, denote by [y, v] € Tj,S the tangent
vector to the curve ¢(t) := [y +tv] at ¢ = 0. Note that [y, v] = [¢', '] if and only
if y' = ay and v' = av + by for some a > 0 and b € R. Define F : T'S — R by

F([y,v]) — R[\/Q(y,y)Q(U,U) — Q(yvv)Q _ Z.Q(y’v):l, (235)

Q(y,y)? Qy,y)

where R[] denotes the real part of a complex number. Clearly, F' is well-defined.
Assume that |3| < & < Z. Then F is indeed a Finsler metric on S*. Bryant has
verified that F' has constant curvature K = 1. i

There are many other Finsler metrics of positive constant curvature. Re-
cently, D. Bao and Z. Shen discover another family of Finsler metrics on S?7+!
with constant flag curvature K = 1. The metrics in three dimension are de-
scribed in the following example.

Example 2.2.2 (Bao-Shen[BaSh2]) Let ¢!, (2, (3 be the standard right invari-
ant 1-forms on S such that

aly) = VI WP+ [CEP + [P

is the standard Riemannian metric of constant curvature 1. For k& > 1, define

ar(y) = VEC ()12 + k()] + kI ()P

and
Br(y) := V2 — k¢

Then
Fi = ap + Bk (236)

is a Finsler metric on S?. Bao-Shen show that Fj, is of constant curvature
K =1 for any k > 1. Further, this family of Randers metrics are not locally
projectively flat.

Let (z,y,z,u,v,w) be the standard coordinate system in TR? = R? x R3.
Let ¢4 : R — S3 denote the diffeomorphisms defined in (2.13). We can express
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F,, on R3. Pulling back (% by . ! onto R?, where ¢ = £, we obtain

1 —€dr — zdy +ydz
¢ = PN B | (2.37)

2 zdr — edy — vdz
= 5 2.38
¢ w?+y?+22+1 (2:38)
3 —ydr+xdy —edz
¢ = ORI (2.39)

Plugging them into «, and (3, we obtain

VE2(eu + zv — yw)? + k(zu — ev — zw)? + k(yu — zv + ew)?
1+ 2?2 +y? + 22
eu + z2v — yw

arp =

Be = —Vk*—k

2.3 Hyperbolic Metrics

Let © be a bounded open domain with boundary 02 in R™. Suppose that
Q) is strictly convex, i.e., any line segment joining two points in 2 is strictly
contained in ). Then for an arbitrary point p € ), there is an unique functional
¢ : R™ = [0, 00) such that

o(Ay) = Ap(y), A>0,yeR"

and

ply—-p) =1, yeo
Q or 0N is said to be strongly convez if the above defined functional ¢ is a
Minkowski functional on R™ for some p € Q. One can show that the strong
convexity of €2 is independent of the choice of a particular point p € (.

Let €2 be a strongly convex domain in a vector space R"™. For 0 #y € T,Q =~
R"™, define F(y) > 0 by

Yy
T+ —— =2z € 9. 2.40
) (2.40)



2.3. HYPERBOLIC METRICS 33
We obtain a Finsler metrics F' on 2, which is called the Funk metric on .
Moreover, we have the following lemma due to Okada [OK].

Lemma 2.3.1 (Okada) The Funk metric F' on a strongly conver domain ) C
R™ satisfies
For = FFy. (2.41)

Proof. Since 2 is strongly convex, by assumption, there is a Minkowski func-
tional ¢ on R™ and a point p €  such that

ely—p)=1, yeon.
Thus

@(m + % —p) =1. (2.42)

By differentiating (2.42) with respect to 27 or y/, we obtain
(5; - F*?szyi)w () =0 (2.43)
(51 = P Fy) i (2) =0, (2.44)

where z := z + y/F(y) — p. It follows from (2.43) and (2.44) that

(FIJ- - Fij)gozi (2)y' = 0.
Observe that )
0.i(2)y" = —=g:(2,y) #0.
@' = 50

Thus

Fyi — FF,; = 0.

This implies (2.41). Q.ED.

Let F' be the Funk metric on a strongly convex 2 C R™. Define

Ply) = 5 (F(-) + F))- (2.45)

F is called the Klein metric on Q [KI]. Using (2.41), we obtain

F(y)y* = Fw){F(y) - F(-) }. (2.46)
The Funk metric F is positively complete with constant curvature K = —1 /4
and the Klein metric F' is complete with constant curvature K = —1. All the

geodesics of F' and F are straight lines. We will prove this fact using (2.41) and
(2.46). See Section 4.3 and Theorem 12.2.11 below. See also [Ful] [Bw3] [Bw4]
[Bu3] [BuKe] [Ok] [Za] for related discussion.
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The reader can easily verify that the Funk metric F and the Klein metric F
on the unit ball B” in R" are given by

o = (1Pl = 0)?) + Go,0)

F = ppE : (2.47)
ly[* = (|zly> = (z,y)*
F = \/ (l—le ) (2.48)

where (,) and |- | denote the standard inner product and Euclidean norm in R"
respectively. Note that F' is just the Klein metric in (2.11) on B™.



Chapter 3

SODEs and Variational
Problems

Second order ordinary differential equations (SODEs) arise in many areas of
natural science. A special class of SODEs come from the variational problems
of Lagrange metrics (including Finsler metrics). In general, it is impossible to
find explicit solutions to a system of SODEs. Thus, one would like to know
the behavior of the solutions based on some data of the system. In the early
twentieth century, many geometers had made great effort to study SODEs using
geometric methods. Among them are L. Berwald [Bw1, 1926; Bw7, 1947; Bw8,
1947], T.Y. Thomas [Th1, 1925; Th2, 1926; VeTh2, 1926], O. Veblen [Vel, 1925;
Ve2, 1929], J. Douglas [Dgl, 1928; Dg2, 1941], M. S. Knebelman [Kn, 1929],
D. Kosambi [Ko2, 1933; Ko3, 1935], E. Cartan [Ca, 1933] and S.S. Chern [Ch2,
1939], etc. In this chapter, we will show that every system of SODEs (also
called a semispray) can be studied via the associated system of homogeneous
SODEs (also called a spray), and every Lagrange metric can be studied via
the associated Finsler metric. Therefore, in the following chapters, we will be
mainly concerned with sprays and Finsler metrics, rather than semisprays and
Lagrange metrics.

3.1 SODEs

Let U = (a,b) x Q, where Q is an open subset in R" . Consider the following
system of SODEs on U
2 fe df
— (I)tl 7 =2 ... 1
d82 (87 f7 ds)’ a b 7”7 (3 )
where & : &/ x R"! — R™! are vector-valued functions. The graph of a
solution f(s) = (f2(s), -, f™(s)) is the curve ¢(s) := (s, f(s)) in U.
Let

S = (1,525 t ',fn,q’Q(Saﬁaf)a Tt ‘I>n(3a77af))-

35
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S is a vector field on U x R™1. Let (s,n% £%) denote the standard coordinate
system in i x R"~!. We can express S in the following form
0 0 0

§= 7: T¢ B + @ (8’17’5)8_{‘1'

S is called a semispray on U. The notion of semisprays can be extended to fiber
bundles 7 : M — (a,b).

It is easy to see that f(s) is a solution of (3.1) if and only if its lift ¢(s) :=
(1, f(s), g—f;(s)) is an integral curve of S in & x R"~!. We will show that every
semispray or a system of SODEs can be converted to a spray or a system of
homogeneous SODEs in a natural way.

R

=

Rr-1!
(s, /(5))
\//_\/

A homogeneous system of SODEs on an open subset i/ C R" is a system as
follows

d*z’ i dx
5+ 20 (w E) —0, (3.2)
where G¥’s satisfy 4 4
Gz, \y) = N°G'(z,y), A>0. (3.3)

Because of the homogeneity of G, any solution z(t) = (z*(t),---,2"(t)) of (3.2)
has the following property: for any A > 0, &(¢) := z(\t) is again a solution of
(3.2).
Let
G:= (yla o 'aynaGl(may)a T 7Gn(x>y))

G is a vector field on U x R™. Let (z¢,3") denote the standard coordinate system
in U x R™. We can express G in the following form

; 0
—2G’(x,y)a—yi.

G is called a spray on Y. The notion of sprays can be extended to manifolds.
See Chapter 4 below.

-0
G= ylami
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It is easy to see that x(t) is a solution of (3.2) if and only if its lift &(¢) :=
(m(t), ‘;—”t”(t)) is an integral curve of G in U/ x R™.

Now we assume that two systems (3.1) and (3.2) are related by

®%(s,n, &) =26°G (s,m,1,€) — 2G*(s,m, 1,€). (3.4)

Clearly, for a given set of functions ®%, there are infinitely many sets of ho-
mogeneous functions G* satisfying (3.4). A special case is when G* are given

by
{G1 (z,y) =0
GYz,y) = —3y'y'®%(s,n,&)

where s = x1,7® = 2% and £* = y*/y".

Suppose that f(s) = (f?(s),---, f*(s)) is a solution of (3.1) and s = s(t) is
a solution of the following equation with % >0

d*s 1 df ds\2
= +20 (s £(5),1, E(s)) (E) = 0. (3.5)
Let z'(t) := s(t) and z°(t) := f*(s(t)), a = 2,---,n. It is easy to verify that
z(t) = (z(t),---,2"(t)) is a solution of (3.2) with % > 0.

Conversely, suppose that z(t) = (z!(t),---,2"(t)) is a solution of (3.2) with
dz’ - 0. First, we see that s = x'(t) satisfies (3.5) with 48 > 0. Note that

“dt dt
s = z'(t) has the inverse t = t(s). Then f2(s) := z%(t(s)) satisfy

2 ra d’z ds _ da® d°s
af _ 4tz dt dt_dt?
2 = 3
ds ds
dt

26 (o ) + 246" (= %)
(#)
= Q%Gl (s, 1.1, j—];) ~26°(s, .1, Z_f;)

v(r )

Thus f(s) = (f*(s), -, f™(s)) is a solution of (3.1). This proves (a) in the
following lemma. The proof of (b) follows the same argument, so is omitted.

Lemma 3.1.1 Let ®* = ®%(s,7,§) be a set of functions in (3.1) and G =
G'(z,y) a set of homogeneous functions in (3.2).

(a) Suppose that ®* and G are related by (3.4). Then for any solution z(t) =
(z'(t), -, 2™(t)) of (3.2) with ¥ > 0, f(s) = (22(t),---,2"(t)) is a
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solution of (3.1),where s = x*(t) satisfies (3.5) with % > 0. Conversely,
for any solution f(s) = (f*(s), -+, f"(s)) of (5.1) and any solution s =
s(t) of (8.5) with 9 >0, x(t) := (s, f*(s), -+, f(s)) is a solution of (3.2)
with % > 0.

(b) Suppose that the solutions of (3.1) and (3.2) are related as in (a). Then
@ and G* are related by (3.4).

Therefore, we can study a system of SODEs (3.1) by investigating a system
of homogeneous SODEs (3.2) provided that ®* and G* are replaced by (3.4).
Since there are infinitely many systems (3.2) satisfying (3.4) for a given system
(3.1), we have to study the properties of (3.1) which are independent of the
choice of a particular set of functions G* satisfying (3.4). We will discuss this
problem in Chapter 12.

Example 3.1.1 Consider a system of SODEs on an open subset U = (a,b) x
Q CR".
df

ds

dea a
L (e,

)7 a:27"'7n7 (36)
where

®%(s,1,&) := A%s,m) + By (5,)E" + Cp(s,m)E € + Die(s,m)E"E° €. (3.7)
Define

{G1 (z,y) = LDpe(z)ylye, (3.8)

Go(z,y) = ~3(A%(@)y'y" + By (@)y'y" + CL@)yy?).

Then ®¢ and G? satisfy (3.4). By Lemma 3.1.1, we can study (3.6) by investi-
gating the following homogeneous system with regular coefficients

d2g! da® da¢ _
—df? +Dbc($)diltdilt_0 L , (3.9)
i — A(0) - — B (2) -4 — Cp (2) %4 = 0.

dt dt

For a single SODE on an open subset & = (a,b) x (¢,d) C R?, we usually
express it as follows

d’y dy
=P 1
where & = ®(z,y,€) is a C* function on U x R. Assume that ® is in the

following form
® = A(z,y) + B(z,y)€ + C(,y)€* + D(z,y)&". (3.11)
In this case, we can construct several homogeneous systems
2 d
Lt +26 (9, %, %) =0

3.12)
d? 2H dz d (
ng + (mayaﬂ’d_?tl) 0
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such that G and H satisfy (3.4), namely,

B(2,y,€) = 26G(w,y. 1,€) — 2H(,y,1,). (3:13)
Option 1:
G = %D(-’E:y)vg
: , ) (3.14)
H = -3(Ay)a® + Blo,y)uv + Clo,y)?)
Option 2:
G = 4(B,y)? + Cla,y)uv + Diw,y)o? (3.15)
H =-1A(z,y)u?
Option 3:
G =§B(z,yu® + 3C(x,y)uww + 3D(z, y)v? (3.16)
H = =A@y - 5B yyuv - 5C(w,y)? '

Notice that (3.13) is satisfied by any set of G and H in (3.14)-(3.16). Thus, by
Lemma 3.1.1, we can study (3.6) by investigating either homogeneous system.
When D = 0, we have more choices for regular systems whose coefficients G
and H satisfy (3.13). il

Some systems of first order ordinary differential equations can also be studied
by converting them to systems of SODEs.

Example 3.1.2 (Volterra-Hamilton System with Discounting [AnBu]) E. Baake
and V. Kfivan independently suggest that a reasonable model for discounted
production in ecology can be written as

—a a c a a (317)
dgt =y (t, 2)yby + vi(t, )y’ + e (),
where a,b,c =2,---,n and k(,) # 0, h(,) are the constants. Take the following
transformation

{ % =k@)¥* — h@z®, (not summed)

s=t
[ =exp(h(gt)z® (3.18)
9" = ka) exp(h(a)t)y®.

The system (3.17) becomes

4 _
ddgsa ga b, c a b a (319)
W:Fbc(saf)gg +Fb(saf)g +T (saf)u

where
Zc = k(a) exp [(h(a) - h(b) - h(c))s] ’750(8,1’)
Eyke)
k., o
B = bl ﬁ exp [(h(a) = hyp))s] 73 (s, )

[ = kgexp(h)s) - e*(s).



40 CHAPTER 3. SODES AND VARIATIONAL PROBLEMS

where 2 = exp[—h(q)s|n®, a =2, ,n.
Set
®(s,7,€) = Li.(s,m)E € + T (s, " + T%(s, 7).
The system (3.19) becomes
dea
ds> > (S’ 5

3—1;). (3.20)

See [AnBr] for the systematic study on Volterra-Hamilton models in Ecology.

There are many systems of first order ordinary differential equations which
give rise to a system of SODEs. For example, the Lorenz system

Zd—’t” =o(y—a)
T o=re—y-—az (3.21)
% =xy — bz

is equivalent to the following SODE

d? .

_dw:g = —exy* + Byt + B2’y + vy — S ly?
_ dy _1(dy\?
- — == .22

+@ —ay) L +3y7 (3E) (3.22)
where
b+o+1 1 bo+1 o+1 b(r—1
o= —— 6:_2’ ’}/:(72), (5: 5 g = ( 2)-
(2 (2 g g (2

See [Drl1]-[Dr3] for related discussion and references.

3.2 Variational Problems

In this section, we will discuss the variational problems of Finsler metrics and
Lagrange metrics and derive the Euler-Lagrange equations for extremals. In the
next section, we will show that any Lagrange metric ¢ can be transfered to a
(possibly singular) Finsler metric L such that their Euler-Lagrange equations
are related by (3.4).

Variational Problem I: Let i/ = (a, 5) x 2 C R™ be an open subset. Consider
a C* function ¢ = ¢(s,n,&) on U x R L. Let

1
hap = §¢§“§b (87 n, 5)

Assume that
det (hab) £ 0. (3.23)
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By definition, ¢ is a Lagrange metric on U.
Consider the following variational problem of ¢ on U:

E(f) = /¢(s,f(s), %(s))ds = Extremum. (3.24)

Let f : [a,b] = Q C R™™! be an arbitrary C* function. Take a variation of
H(u,s) of f with

H(0,5) = f(s), H(u,a) = f(a),  H(u,b) = f(b).

The energy functional

satisfies
b OH® 92H®
E'(u) = / {(ﬁna 50 + P 559 }ds
b d OH®
= [ ow - 5 (0e)} e
Let SH
V(s) == E(O,s).

V(s) is a vector field along c(s) = (s, f(s)), a < s < b. We obtain

£0) = ’ {¢na - is [qsga] }wds. (3.25)

Assume that f(s) is an extremal of (3.24). Then £'(0) = 0 for any variation
of f. This gives rise to the following system of Euler-Lagrange equations

¢,7a—d%(¢£a) =0, a=2,--,n (3.26)

Let (h“b) = (hab)_l. Expand (3.26) as follows

dfb dsz
¢Ua_¢sfa_¢nb§ag_2habﬁzo, a:2,...’n.
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We obtain )
o df
=0 (s,f, ds), (3.27)
where
a 1 ab c
(5,1,€) i= 5h"{ b0 — dge — By €}, (3.28)

Variational Problem II. Let i/ be an open domain in R™. Consider a function
L= L(xz,y) on U x R™ satistying

(i) Lis C*® on U x (R™\ {0}),

(ila) L is positively homogeneous of degree two, i.e.,

L(z,\y) = M’L(z,y), A>0, (z,y) €U x R"™.

(iib) for any y # 0, the y-Hessian g¢;;(z,y) of L is nondegenerate , where

1
gij(xay) = §Lyiyj (JU,ZU)-

By definition, L is a Finsler metric on U.

Consider the following variational problem of L on U:

L(x) = /L(x(t), %(t))dt = Extremum. (3.29)

Assume that z(t) is an extremal of (3.29). By a similar argument, one obtains
the following system of Euler-Lagrange equations

Lyi— %(Lyi) =0, i=1,-,n. (3.30)

Observe that S
Lyi— i(Ly,—) - —2gij{M +2Gj},

ot dt?
where
J 1 Jjl k
G/ (z,y) == 17 {Lylwky - sz} (3.31)
We obtain )
d°z’ i dx
— 20 (a: E) =0. (3.32)

Lemma 3.2.1 For any solution xz(t) of (3.50),

L(m(t), Z—f(t)) = constant. (3.33)
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Proof: Expand (3.30) as follows

dzd d?zI

Lat = Lytas =g = 290~

=0.
Using (3.34), we obtain

d dx dzt Pzl

iG] = L L

d

at g g

dzt dzd
+ |:in — Lyil.j %}

= L,i—
dt

dz’ dzt dxd

= 2Lgi—— — Lyigi— ——

*odt VT dt dt

dztq dxd

2L, — Lyigi— | —

[ r Y dt]dt
dz?

= [2L.s - 2L T =0,

= L,

The homogeneity of L(z,y) has been used in the above argument.

dt

43

(3.34)

Q.ED.

3.3 Relationship Between Euler-Lagrange Equa-

tions

In the previous section, we studied the variational problems of a Lagrange metric
¢ = ¢(s,1n,€) and a Finsler metric L = L(x,y) on an open subset U = (a, b) x
in R™. We obtained the Euler-Lagrange equations for each of them, namely, we

obtained (3.27) for ¢

L ab
1= St {qsnb — Ger — ¢ncgb50},
and (3.32) for L
i1 ;
G' = Zg I{Lylxlcyk - Lml},
where

1 1
hap = §¢§a§b(3;ﬁaf); gij ‘= _Lyiyj (may)

2
In this section, we will show that if ¢ and L are related by
2

L(z,y) = [ylaﬁ(s,n,é)]

where z = (s,7) and y = y'(1,£). Then ®* and G? satisfy

q)a(Sﬂlaf) = 2€GG1 (5:7% 175) - QGG(SaU: 175)

(3.35)

(3.36)
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Proposition 3.3.1 If a Lagrange metric ¢ and a Finsler metric L are related
by (3.35), the corresponding functions ®* and G* satisfy(3.36).

Proof: The system of Euler-Lagrange equations of ¢ are given by

¢na_d%(¢§a) =0, a=2,---,n. (3.37)

The system of Euler-Lagrange equations are given by

Lyi — %(Ly,—) =0, i=1,-,n (3.38)

By Lemma 3.1.1(b), it suffices to prove that the solutions of (3.37) and (3.38)
are related as in Lemma 3.1.1(a).

Assume that z(t) = (z*(t), --,2™(t)) is a solution of (3.38) with % > 0.
Let s = z*(t). Note that ¢ > 0. Thus the inverse function ¢ = t(s) exists. Let
f(s) = (@*(t(s)),---,x"(t(s))). By Lemma 3.2.1,

L(m(t), Z—i(t)) = [%qﬁ(s,f(s), %(S))]Q = constant.

For a generic solution z(t), we may assume that L(m(t), ’fl—”t”(t)) # 0. Then

df

%qﬁ(s, f(s), s (s)) = constant # 0. (3.39)

Let
F(z,y) =y o(s,,),
where z = (s,7) and y = y*(1,£). (3.39) implies that

dx

F(;v(t), E(t)) = constant # 0.

It follows from (3.38) that z(t) satisfies the following equation

Fwi—%(Fyi) -0, i=1,---,n. (3.40)

Observe that

o (o)) = oo — (o) = P~ () =0

Thus f(s) satisfies (3.37).
Assume that f(s) = (f2(s), -+, f"(s)) is a solution of (3.37) and s = s(t)
satisfies (3.39) with % > 0. Let z(t) := (s(t), f2(s(t)), -+, f*(s(t))). Observe

that d B d df* ds
Fo= i (Fr) = =[on = Z(0e) |G T =0
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and y p s
Foo = g (Fr) = [ = 55 (0| 5 =0

Thus z(t) satisfies (3.40). It must also satisfy (3.38) with % > 0. Q.E.D.

Example 3.3.1 Let ¢ = ¢(s,n,£) be a Lagrange metric on U = (a, §) x Q C
R™. By definition,

det (ha,,) £ 0,
where hyp, 1= %qﬁgagb(s, n,€). Let B = A,(s,n)£* be a family of 1-forms on 2 and

A = A(s,n) a family of scalar functions on . Define a map L : U x (R™\ {y* =
0}) = R by

2
’

Liz,y) = [y (Als,m) + Au(s,m)E" + 6(5,,9) )| (3.41)

where (s,n) = (2',---,2") and ¢ = (y?/y',---,y"/y'). Then L is a singular
Finsler metric on /. In particular, if

¢ = hab(san)gaé-ba
where h,, = hy, and det(hgqp) # 0, then

A(s,m)y'y' + Aa(s,m)y'y® + has(s, n)y“y”] 2

Lia,y) = | )

where (s,n) = (2',---,2"). L is a Kropina metric on U. f

Example 3.3.2 Consider the following Lagrange metric on an open subset U =
(@, B) x (A, p) C R?:

¢ = a(z,y)& + b(x,y)€ + c(z,y), (3.42)

where a = a(z,y) # 0. The Euler-Lagrange equation of ¢ is given by

%__;a[y(dy .

= %)2 + 20,5 + by — Cy]~ (3.43)

The Finsler metric L associated with ¢ is given by

L= [ae.p) + bla.p)o + oag)u] (3.44)

Here we denote by (z,y,u,v) the standard coordinate system of TU = U x R2.
Observe that

?

12/, . 2 b2 .
Ly, = — (azvz + abuv + &uz)
U
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N3
LyuwLyy — LyyLyy = 8—? (av2 + buv + cuz) .
o

Assume that
b? — dac < 0. (3.45)

Then LyyLyy — LyyLyy > 0 for u # 0, regardless the sign of a. Note that

2ac + b? ) a®

(ab)? — 4a2( 5 =3 (b2 - 4ac) < 0.

Thus L,, > 0 for v # 0. This implies that if (3.45) is satisfied, L is a positive
definite Finsler metric for u # 0.

Given arbitrary C'*° functions R, P and @) on an open interval I, let
ef P(z)da:7

b = Ey (.’E, y):

(2R()y - Q(w)yg)ef P 4 By (2,y),

c

where E(z,y) is an arbitrary C* function on an open subset I x  C R2. Then
(3.43) simplifies to
d*y dy
P(z) =2 = 4
Ia2 + P(x) . + Q(z)y = R(x) (3.46)

and the corresponding Finsler metric L is given by

L= {efp# [(2R@)y - Q@)y?)u? +v?] +Ez(w,y)u+Ey(w,y)v}2. (3.47)

The Finsler metric L in (3.47) for (3.46) was constructed by M. Matsumoto
[Mall]. According to the above argument, L is positive definite for u # 0 on
the domain 2 C R? if

Ey(z,y)* — 4ef P(a)do [(2R($)y - Q(m)yz)ef Ple)de 4 Ez‘(m;y)] <0.

We will see that this family of metrics are locally projectively flat. See Example
13.6.1. f



Chapter 4
Spray Spaces

In this chapter, we will introduce an important geometric structure on a mani-
fold and discuss some basic properties. Roughly speaking, a spray on a manifold
M is a family of compatible systems of 2™ order ordinary differential equations
in local coordinates

&+ 2G'(¢) =0, (4.1)

where (c(t)) denotes the coordinates of a curve c(t), and G(y) are positively
homogeneous functions of degree two, i.e.,

G'(\w) = N2Gi(y), A>0.

The compatibility gives rise to a globally defined C* vector field G on the
tangent bundle TM \ {0} which is expressed in local coordinates as follows

0
ozt

0

G =1yt .
y 6yl

—2G'(y)

(4.2)

Conversely, given a globally defined C* vector field G on T'M \ {0} in the form
(4.2) with positively homogeneous coefficients G(y) of degree two, one obtains
a family of compatible systems of 2"¢ order ordinary differential equations (4.1)
in local coordinate system.

4.1 Sprays
First, let us define a spray precisely.

Definition 4.1.1 Let M be a manifold. A spray on M is a smooth vector field
G on TM \ {0} expressed in a standard local coordinate system (z¢,y?) in T M
as follows

a —
ozt

0
Oyt’

G=y 2G'(y) (4.3)

47
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where G¥(y) are local functions on T'M satisfying

G'(\y) = A2G'(y), A >0. (4.4)
A manifold with a spray is called a spray space.

One is referred to [Lan] for some discussion on sprays.

If ¢ is an integral curve of G, i.e.,

dc
— =G 4.5
~ =G (45)

then the projection ¢ = 7 o ¢ satisfies
& +2G'(¢) = 0. (4.6)

Conversely, if ¢ satisfies (4.6), then its canonical lift ¢ := ¢ is an integral curve
of G.

Definition 4.1.2 A regular curve ¢ in M is called a geodesic of G if it is the
projection of an integral curve of G. We shall call G? the spray coefficients of
G.

Example 4.1.1 Let V be an n-dimensional vector space. Let (z¢,y?) denote a
standard local coordinate system for TV & V x V determined by a basis {e;}I" ;
for V. Then 5

Ox?

is a well-defined vector field on T'V. The geodesics of G are straight lines in
V. G is called the standard flat spray on V. Spray spaces can be viewed as
generalized vector spaces. #

G:yi

Example 4.1.2 Consider the following spray on R3

0 0 0 .
o i — _9 2 2_'
G=u—+v y-l-w ~ (zu® + zw?) ”

A curve ¢(t) = (z(t), y(t), 2(t)) is a geodesic of G if it satisfies

A2z

P

‘szy = (Y ()
d?z _

at?
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We obtain
c(t) = (a,b,c) + (u,v,w)t + ¢(t)(0,1,0),
where 1
p(t) = -3 (u3 + wg)t3 — (au2 + cwz)tz.
Thus the geodesics of G are planar curves in R3. i

Example 4.1.3 Consider the following spray on R?

G:u£+v£—E\/u2+v23+3\/u2+v2g, (4.7)

or oy r ou r ov

where 7 > 0. The geodesic ¢(t) = (z(t),y(t)) of G satisfies

d’z 1 dz\2 dy\2dy
V@) (@) @ =0
d’y 1 dx\2 dy\2dx
- < _ —_ ) — =0
=V (@) + (@) @

We obtain p \ p \

T _ sin (2 @Y _ A
pri /\sm(rt—f-é?), 7 /\COS(TIH—H), (4.8)
where A > 0.
. dr dy
Integrating o and p yields

8
—~

~
~

T COS (%t + 9) —rcosf + z(0),

7 sin (%t + 0) —rsinf + y(0).

<

—~
~

~

Thus the geodesics of G are circles of radius r. il
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Below we are going to look at sprays from different points of view.

I. Horizontal Tangent Bundle Over the Slit Tangent Bundle. Let M be
an n-dimensional manifold and TM \ {0} denote the slit tangent bundle. Take
a standard local coordinate system (z%,y*) in TM. Let

0 0

VI'M := Span{a—yl,"',a—yn}. (49)
VT M is a well-defined subbundle of T(T'M \ {0}). We call VT'M the vertical
tangent bundle over TM \ {0}. There is a canonical vector field on TM \ {0}

defined by
0

Y =y —. 4.10
Y5, (4.10)
Y is called the vertical radial field which is a section of VT M.
Given a spray on M,
9 '
G=y"— —-2G'(y)=—.
Y 5 (y) oy
Let oG
i) —
Niy) := 3y7 () (4.11)

We call N}' the connection coefficients of G. The homogeneity condition (4.4)
implies

Ni(Ay) = AN(y), VYA>0, (4.12)
and 1
G'(y) = 5N;(y)y’- (4.13)
Let 5 5
HTM = Span{g,---,&%—n}, (414)
where

§ 90 i, 0
i e~ Nl (4.15)

HT M is a well-defined subbundle of T (T M\ {0}). We call HT M the horizontal
tangent bundle over TM \ {0}. It follows from (4.13) that

)
G=y"—. 4.16
Y5 (4.16)
Therefore G is a horizontal vector field which is a section of HT M.
The above argument gives a direct decomposition of the tangent bundle of
TM\ {0}.
T(TM\{0}) =VTM & HTM. (4.17)

Y and G are the canonical sections of VI'M and HT M respectively.
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Let
H*TM := span{dml, e ,dm"}, (4.18)
V*TM = span{(syl, s Jy"}, (4.19)
where ' ' . '
dy" = dy' + Nj(y)da’. (4.20)
We obtain a decomposition for T*(TM \ {0}) which is dual to (4.17)
T*(TM\ {0}) = V*TM & H*TM. (4.21)

Given a spray G on a manifold M. We can construct lots of sprays from G
using the vertical radial field Y. Let P: TM — R be a function which has the
following properties

(i) Pis C* on TM \ {0},
(ii) P is positively homogeneous of degree one, i.e.,

P(Ay) =AP(y), A>0.

Define ;
G =G - 2PY.

Clearly, G is a spray on M. Moreover, G and G have the same geodesics
as point sets. That is, every geodesic of G, after reparameterized, becomes a
geodesic of G, and vice versa. In this case, G is said to be pointwise projectively
related to G.

More general, let Q = Q'(y) £i be a vertical vector field on TM \ {0} which
has the following properties

(i) Qis C*® on TM \ {0},
(i) the coefficients Q*(y) are positively homogeneous of degree two, i.e.,
Q'(M\y) = N°Q'(y), A>0.

Define }
G=G-2Q.

Again, G is a spray on M. In general, the geometric relationship between G
and G is quite complicated.

II. Path Spaces. A spray G on a manifold M determines a collection of pa-
rameterized curves (called geodesics) in M. Conversely, a collection of param-
eterized curves with certain properties induces a spray. This will be explained
below.

Let G be a collection of C* parameterized curves o : (a,b) — M with the
following properties
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(i) (Existence) For every vector y € T, M and any t,, there is a curve v :
(a,b) = M in G with t, € (a,b) and ¥(t,) = y;

(ii) (Uniqueness) For any two curves y(t),a < t < b and o(t),c <t < d, if at
some ty € (a,b) and ¢ € (¢,d), (to) = o(t1), then

’y(t0+t):U(t1+t), tE(a—to,b—to)ﬂ(c—tl,d—tl)

(iii) (Invariance) For any curve v : (a,b) = M in G and any ¢, € R, A > 0 the

curve
a—t, b—t,

F(t) == v(At + t,),
is still in G;

The pair (M, G) is called a path space.

For a vector y € T, M, let v : (—e,e) — M be the curve in G with 4(0) =y
Define )
1 d27/l

Gi(y) = 3 W(O)’ (4.22)

where (v%(t)) are the local coordinates of the curve (t). (iii) implies
G'(\y) = N*Gi(y), A>0. (4.23)

We assert that any curve ¢ : (a,b) — M in G satisfies the following system,

d?ct . rde
— +2G*" =) =0. 4.24
dt? +26G (dt) 0 ( )

To prove (4.24), fix a number ¢t € (a,b) and define

v(s):=c(s+t), a—-t<s<b-t.
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By assumption, v belongs to G with

D) = %,

ds T dt
We have ) y
dv* d=c’
a5z 0 = g @

By the definition of G* in (4.22), we obtain

& (%) = (L) =227 0 -

dt ds 2 ds?

This proves (4.24). Therefore

0

i 9 9
T o

G -,
oyt

—2G'(y)

93

1d3¢
2 dt?

(t)-

is a spray on M such that the set of geodesics of G is G.

Example 4.1.4 Let B" denote the unit ball in R™. Take an arc C' in B" of
planar circle orthogonal to the boundary S"~! = B”. For every point z € C,

we parameterize C by ¢ : (a,b) — C such that

(i) <(0) = o

(ii) the parameter is the arc-length induced by the standard Euclidean metric;

(iii) p = limy_, o+ c(t) and q := lim;_,;- ¢(t) lie on S" L.

Let G denote the collection of the above parameterized curves in B™. We obtain

a path space (B",G). What is the induced spray ?

f
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Definition 4.1.3 A spray G is said to be positively complete if every geodesic
defined on [0,a) can be extended to a geodesic defined on [0,00). G is said to
be negatively complete if every geodesic defined on (—a,0] can be extended to
a geodesic defined on (—o00,0]. A spray G is said to be complete if it is both
positively and negatively complete.

There are sprays which are positively complete, but not negatively complete,
hence incomplete. See Example 4.1.5 below.

Example 4.1.5 Let B® C R™ denote the Euclidean unit ball. Consider a vector
field on TB™ =~ B™ x R",

9 9
G = l—. — 2P l—. 425
Y 5 (z,y)y oy (4.25)
where P(x,y) is given by

(,y) +4/lyl* = {J«lPly]* — (z,9)?
Plony) o y \/yQ( ( y y )

1—|z[?)
Clearly, G is a spray on B™. Geodesics of G are characterized by
d*x? dx dz?
(0 +2P(2(t), = (1)) (1) = .

The geodesics passing through a point z, € B™ in the direction a € S ! must
be straight lines in the following form

z(t) = f(t)a + z,,
where f(t) satisfies
fl?
V1 —62sin?0 — (f + dcosh) -

with f(0) =0 and f'(0) = k£ > 0, where 6 := |z,] < 1 and € denotes the angle
between x, and a. We obtain

"+ (4.26)

—kt

(\/1—625111 (5cost9) (1_em)_
Note that the line £(s) := z, + sa intersects S"~! at s = s where

—V1—42sin? 60 — § cos b, s;:=V1—02sin”H — dcosb.

Thus the maximal interval for the solution f is (—t,,00) where
V1—82sin?6 — dcosd I ( 2v/1 — 62sin? 6 )
V1—62sin?6 — §cosd

This shows that G is only positively complete. i

to =
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4.2 Finsler Sprays

Let (M, L) be a Finsler space. For a curve c: [a,b] — M, define

Consider the following variational problem of L:
&(c) = Extremum. (4.27)
Take a variation of ¢, that is a map
H:(—¢,e) x [a,b] > M
with fixed endpoints, i.e,
H(0,t) =c(t),  H(u,a)=c(a), H(u,b)=c(b).
Let )
OH
E(u) = / L(W(u,t))dt.
We obtain
b
&)=~ [ gu00 (w0 V) .
a

where V(t) := 22(0,) and &(t) = £'(t) 52

c(t) is given by

d?ct

RI(E) 1= () + 267 (E(1)), (4.28)

where (c’(t)) denotes the coordinates of ¢(t). The coefficients G'(y) in (4.28)
are given by

. 1 . 3
Gy): = 79"0)|Lyer @y — Lu(y)] (4.29)
L 9g; Ogjk j
= 39" [255 W) - )]y (4:30)
Define 5 5
=y —— —2G" -
G:=y'g5 -2 (y) By

This vector field is globally defined on 7'M ! From the homogeneity of L, we
have ' '
G'(\y) = M?G'(y), A>0. (4.31)

G is called a Finsler spray induced by L. The geodesics of G are called
the geodesics of L. The spray coefficients G of G are also called the spray
coefficients of L.
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Let G be a Finsler spray induced by a Finsler metric L. Consider L := AL,
where A # 0 is constant. We see that the spray G induced by L is always equal
to G. In other words, if one scales the Finsler metric, the induced spray remains
unchanged.

Example 4.2.1 Let L be a Finsler metric on an open subset & C R2. In the
standard local coordinates (z,y,u,v) in TU = U x R?, the spray coefficients
G = G and H = G? are given by

G: = Lyy(Lyyu + Lyv — Ly) — Lyy(Lyyu + Lyyv— Ly) (4.32)
) 2(Luuva - LuvLuv) ’

g. - “Luw(@ewu+ Ly — L) + Duu(Levt + Lyov — Ly). (4.33)
2(LyyLvy — Ly L)

By the homogeneity of G and H, we can simplify (4.32) and (4.33) as follows.

G = (LaLyw — LyLuy) — (Lev — Lyu) Ly (4.34)

2 (LuuLvU - LuvLuv)
H = (_LxLuv + LyLuu) + (va - Lyu)Lu (4 35)
Q(LuuLvU - LuvLuv)

Let G = y' 2 — 2G'(y) 8‘} be a spray induced by a Finsler metric L. Put

lex PG

(3

= a7 W TaW)=5570) (4.36)

Ni(y) :

We call N; the connection coefficients of L and F;k the Christoffel symbols of
L. The homogeneity (4.31) implies

Ni(y) =Tiw)y", 2G'(y) = Ni(w)y’ = i w)y'y". (4.37)
We have the following important lemma.

Lemma 4.2.1 For any Finsler metric on a manifold,

1 (gi;
5{ For ~ 915k = 95 = 2CileIlc}
0C; o0
= 2G! ag;;k + Cije N} + Cug N} + CijuNj, — of a;;k 7 (438)

where Cyji, denote the coefficients of the Cartan torsion defined in (2.6).
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Proof: Rewrite (4.30) as follows

Ogjr Ogri\_ &
1 J k, 1l
guG" = {2 92l D }y Y.

Differentiating (4.39) with respect to y* yields

k20 G*.

0gij , 09ix  Ogik
Nl i ik _ 9Fik
giNi = {am’” + oxt oxJ }

Differentiating (4.40) with respect to y* yields

9gi; | Ogjk _ Ogik
o~ L[99, 095k
9itik 2{ or* = Ort  OxJ }
9C;; OC;jk
+yl 6.lek —2G! 6y§k - 20,'le]€ - QCJmNZI

This implies (4.38).

Lemma 4.2.2 For any Finsler metric L on a manifold

0
W(L) =0,
where Mik = % — Ni(y) 6(31" Hence

G(L) =y (1) = 0

Proof. Contracting (4.38) with yiy’ and using (2.7), we obtain

99gij
o ——Ly'y’ = 2guy’ Ny
Thus L = g;;(y)y'y’ satisfies

§ 9gij
(sm—k(L):sz—N}cL o ——Ly'y? — 2g9uy' Ni = 0.

Contracting (4.42) with y* yields (4.43).

o7

(4.39)

(4.40)

(4.41)

Q.ED.

(4.42)

(4.43)

Q.ED.

For a Finsler metric L on a manifold M, there is a canonical 1-form w on

TM \ {0}, defined by o
w = gij(y)y’ da'.

We call w the Hilbert form.
Let . '
0 := gij(y)dz* A\ by’

where dy" := dy’ + N(y)da’. We obtain the following

(4.44)
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Lemma 4.2.3 The Hilbert form w and the Finsler spray G are related by

WG =L, 0(G,) = %dL.

Example 4.2.2 Consider a Riemannian metric on a manifold M

a(y) = y/aij(@)yiy’.

Let G* denote the spray coefficients in (4.30), which are given by

G*(9) = 30" @) {290 (a) - I (1) Ly (1.45)

We see that G*(y) are quadratic in y € T, M at any point z. Let

o*Gk
k -

We obtain ) 5 5 5
; a; ;i
(@) = gt @] T5 @) + G @) - T @] (4.46)

and 1
G*(y) = 57"y’ (4.47)

Now we consider the two-dimensional case. In a standard local coordinate
system (z,y,u,v) in T'M, express a as follows.

o = \/a(z, g} + 2b(, y)uv + (@, 9.
Let G := G' and H := G? denote the spray coefficients of a. They are given by

1 .

G = B (’Yllluz + 2yfpuv + 7%2“2) (4.48)
1/, . .

H = 3 (Wfluz + 2975uv + 732112), (4.49)

where yfj are given by

ca, + bay — 20b,

1 _
o= 2(ac — b?)

1 cay —bey
M2 T 2(ac — b?)

L 2¢by — ccp — bey
122 2(ac — b?)

s _ 2ab, — ba, — aay
T 2(ac — b?)

» _ acy —bay
T2 = 2(ac — b?)

» _ bey +acy — 2bb,
,722 - T o/ 12y

2(ac — b?)
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Example 4.2.3 Let L = L(z,y,u,v) be a Finsler metric on an open subset
U C R? in the form

L = e®™ e N (u,v), (4.50)
where a,b and ¢ are constants and N = N(u,v) is a Minkowski metric on U.
N is positively homogeneous of degree two, N (Au, \v) = AN (u,v), A > 0. Let
G = G! and H = G? denote the spray coefficients of L. By (4.32) and (4.33),
we obtain
Nyy(aNyu 4+ bNyv —aN) — Ny (aNyu — DN, v + bN)

Q(Nuquv - Nquuv)
—Nyy(aNyu + bNyv — aN) + Nyy(aNyu — bNyv + bN)
Q(Nuquv - Nquuv)

G =

H =

Clearly, G and H are independent of (x,y) € . By definition, L is an Antonelli
metric or y-Berwald metric [An2]. il

4.3 Geodesics of Funk Metrics

The Funk metrics on strongly convex domains in a vector space are very impor-
tant examples in Finsler geometry. We will make a close investigation on the
geodesics of Funk metrics.

Let F' denote the Funk metric on a strongly convex domain 2 C R™. By
Lemma, 2.3.1, F satisfies

Fou = FF,u. (4.51)
Using (4.29) and (4.51), we compute the spray coefficients G* of F as follows.
i1 : L Lo
G'=1g l{ [F[Fz]yk]ylyk - F[FZ]yl} = 29" FIF)y = SFy'. (452)

The geodesics ¢(t) of F are characterized by the following equations

d*ct dct
F(¢)— =0. 4.53
oz PO (4.53)
Thus the geodesics of F' must be straight lines in ().
For x € Q and y € T,Q2 = R", let

c(s) :=x + sy.

¢(s) is a geodesic of F for an appropriate parameter s = s(¢). Note that ¢(s) is

defined on
1 <s < L
F(~y) F(y)
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For any s, y y
x+m =T+ sy—+ F(c(s))
We obtain . Fly)
F(®) = 707

The F-length of c on [0,1/F(y)) is
1/F(y)
/ F(¢(s))ds = 400,
0
and the F-length of c on (—1/F(—y),0] is

/0 F(é(s))ds = 1n (1 + Fiy) ) < 00.

—1/F(—y)

Thus F' is positively complete.

Let d denote the distance induced by F. For any two points ¢(s1) and ¢(s2),
where

1 1
<5 <8y < ——,
F(-y) "7 F(y)

the Funk distance d(c(s1),c(s2)) between (c¢(s1) and ¢(s2)) is given by
" _F) 1 - F(y)s:
d(c(s1),c(s :/ ——ds=In(———).
(c(s1), els2)) o 1—F(y)s (1—F(y)32)
Let
p:c(81)7 q:C(82)7

Let | - | denote the Euclidean norm in R™. The above formulas for the Funk
distance d can be expressed as follows
2 = p|

d(p,q) =1n
(v.9) |z — q|

)

where z denotes the intersection point of the ray £,, := p+t(q —p), t > 0, with
1.
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For the Klein metric

1

F(y) =5 (F(-v) + FW)),

the spray coefficients G of F' are in the form

(o) = 5 (F) - F-0) o'

The geodesics ¢(t) of F are characterized by the following equations
&+ (F(c') - F(—c'))é" —0. (4.54)

Thus the geodesics of F' must be straight lines in €. Note that the F-length
of ¢(s) = & + sy on either side of the interval (—=1/F(—y), 1/F(y)) is infinite.
Thus F' is complete. From the above formulas for the Funk metric, we obtain
the formula for the metric d induced by F

d(p,q) = % (d(p, q) + d(q,p))-

See [SM] for some discussion on the asymptotic behavior of the Klein metric.
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Chapter 5

S-Curvature

In this chapter, we will introduce the notion of volume form on a manifold.
Meanwhile, we will define the so-called S-curvature which relates volume forms
and sprays on a manifold.

5.1 Volumes

Let M be an n-dimensional manifold. A coordinate volume form dyu is an n-form
on a coordinate neighborhood U

dp = o(x)dx' -- - da™,

where o(x) > 0. For simplicity, we will always denote by dz' - - -dz™ the wedge
product daz' A --- A dz™. A volume form on M is a collection Z of coordinate
volume forms {(U, du)} such that if Y NU # 0, then dp = o(x)dz' - - - dz" and
dii = 5(%)dz' A --- A di" are related by
. 6&\
oc=0|—|.
ox

We will denote a volume form on M by its representative du on a coordinate
neighborhood Y. Every volume form du defines a measure p on M by

u(f) = /u fdn, e CoW).

Definition 5.1.1 A spray m space is a triple (M, G,du), where G is a spray
on M and dpu is a volume form on M. A Finsler m space is a triple (M, L, du),
where L is a Finsler metric on M and du is a volume form on M.

There are two canonical volume forms on any positive definite Finsler space.
Both of them reduce to the same volume form when the Finsler metric becomes

63
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Riemannian. In what follows, we will discuss these two canonical volume forms
induced by positive definite Finsler metrics.

Let (M, F) be an n-dimensional positive definite Finsler space. Let {e;}7;
be an arbitrary basis for T, M and {w'}" , the dual basis for T7M. The
Busemann-Hausdorff volume form dug is defined by

dpp = op(x)wt A Aw", (5.1)
where
op(z) = n (5.2)
37 Euclidean Vol(B?) '
and

B" .= {(yi) € R", F(y'e;) < 1}. (5.3)

The Busemann-Hausdorff volume form dur determines a measure pp which is
called the Busemann-Hausdorff measure . H. Busemann proved that if F' is
reversible, then pp is the Hausdorff measure of the induced metric dp. See
[Bul][Bu2]. When F is Riemannian, i.e.,

F(y) =V9(y,y) =/9i;(@)y'y?, y= yle; € T, M,

the Busemann-Hausdorff volume form reduces to the usual Riemannian volume

form. More precisely,
op(z) = y/det (gi;(z)). (5.4)

Example 5.1.1 Consider a Randers metric F' = a4+ # on a manifold M with

I8l .= sup  By) <1
yeT, M,a(y)=1

Let dup and du, denote the Busemann-Hausdorff volume form of F and «
respectively. Let {e;} be an orthonormal basis for (T, M, a;). We may assume
that B.(y) = ||B8]lzy*. Then B? is a convex body in R™ given by

(1= 1902) (0 + 20 ) (1= i2) o <
@ a=2

The Euclidean volume of B} is given by

Wn

Vol(Bf) = ——— . (5.5)
(1-1812)">

Thus

n+1

dpr = (1= 11812) ™ dya. (5.6)
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This implies
HE < P (57)
Assume that M is compact. Then

n41

prOn) = [ (1=1812) ™ da < a0

and the equality holds if and only if 5 = 0. i

Example 5.1.2 Let Q be a strongly convex domain in R™. The Funk metric

F is defined by
Y

Fa(y)
From the definition, the unit sphere S, := F, (1) of F, at x is given by

x +

€00, yeT,Q~R"™ (5.8)

S, = 00 — {x}.

Take the standard orthonormal basis {e;}?_; for R". We have
Bl = {(y) €R", Fi(y'e) <1} =0—{a},

hence
Euclidean Vol(B}) = Euclidean Vol((2).

The Busemann-Hausdorff volume form duyp = o(x)dx! ---dz™ of F is given by

Wn

o(z) = Vol (5.9)
This implies that the Busemann-Hausdorff volume of (2, F') is constant
ur(Q) = / o(z)dx' - da"™ = w,. (5.10)
Q
f

There is another canonical volume form on an n-dimensional positive definite
Finsler space (M, F). Let {e;}", be an arbitrary basis for T, M and {w*}?™,
the dual basis for Ty M. For a non-zero vector y = y'e; € T, M, put

9ii(y) = gy(ei, €j)-

9ij(y) are C*° functions on R™ \ {0}. Let

B! = {(y") € R, F(y'e;) < 1}. (5.11)
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Define f ( ( )) .
. det (gi(y)) dy* -~ -dy"
Gp(z) = =2 ’ : (5.12)

Wn

where w,, denotes the Euclidean volume of the standard unit ball B" in R".
The n-form
djip == 6p() W' A-- AW" (5.13)

is a well-defined volume form on M. fir comes from a special volume form on
TM\ {0}. To see this, take a look at the following natural direct sum of the
cotangent space Ty (T'M \ {0}) in a standard local coordinate system (z*,y") in
TM,

T, (TM\{0}) = span{dxl, cee dm"} o span{dyl, e 6y"},

where ' ' . ‘
oy’ :==dy" + Nj(y)da’ .
Using this decomposition, define a Riemannian metric on TM \ {0} by

9= gij(y)da’ @ dad + g;;(y)dy’ @ 6. (5.14)
We call § the Sasaki metric induced by F. The Riemannian volume of § at
y € TM \ {0} is given by

dVy = det (gij(y))da* - - da"dy" - - - dy™. (5.15)

We call dVj the Sasaki volume induced by F'. The Sasaki volume form can also
be expressed in terms of the Hilbert form w := g;;(y)y? dz’

nn1) 1 n n n
(-1)7 = H(dw) = det (g (y))da' - - da™dy" - - - dy". (5.16)

We should point out that P. Dazord discussed (dw)™ in his Ph.D. thesis [Dazl].
He further defined the volume of a compact Finsler space (M, F') by

Wn

Vol(M) = — /BM dv;, (5.17)

where m : BM — M denote the unit ball bundle of M. Dazord actually defined
the volume using the tangent sphere bundle. But his definition is essentially
same as (5.17) due to the homogeneity of F. See [Daz2]. Observe that for a

function f on M,
/ w*de§:wn/ fdﬂp,
BM M

diip = 6p(z)dz* - - - da"

where

is just the volume form defined in (5.13). So with one step further from Dazord’s
definition, we obtain the special volume form djr on M.
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R.D. Holmes and A.C. Thompson [Tho] took a different approach to study
Minkowski geometry and discovered this special volume form djp. Conse-
quently, dfip is called the Holmes-Thompson volume form in literatures.

There might be many interesting volume forms associated with a Finsler
metric F' on a manifold M. Nevertheless, every volume form dy on M is in the
following form

dp = ¢udur,

where ¢, is a positive C*° function.

Example 5.1.3 Let (V, F) be an n-dimensional Minkowski space. Fix a basis
{e;}*_; for V which determines a global coordinate system (z*) in V. For any
point x € V,

or(z) =6p(0) = S det (g5 (y)) dy* - .dyn’

Wn

where g;(y) = gy(ei, e;) and
B" .= {(y") € R", Fy'e;) < 1}.

The volume of the unit ball B of F' with respect to djir is given by

_ Euclidean Vol(B")

Wn

fir (B) [ det (gss) it -y

Assume that F' is reversible, i.e., F(—y) = F(y). According to [Du], the
Santald’s inequality [MePa] implies

n

Euclidean Vol(B") / det (g;;(y))dy" - - dy" < (wy,)?
and the equality holds if and only if F' is Euclidean. Thus

fir(B) < wn = pr(B)

and the equality holds if and only if F' is Euclidean. This implies that for any
reversible positive definite Finsler metric F' on a manifold M,

fir < pp (5.18)

and the equality holds if and only if F' is Riemannian. i
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5.2 S-Curvature

Consider the trivial spray on R"

0
ozt

G=y'

and a family of volume forms du. = o.(z)dz! - --dz™ on R™, where

o:(x) = ete~le’ >0, (5.19)
dpu. determines the well-known Gaussian measures p. on R”. Note that o.(z) —
0 as ¢ — 0. For a fixed value of ¢, the decay rate of the Gaussian measure .
at x is defined by

yi do.

Sw(y) = _O'E(ZL') Ot (lE) = 26(.’13,y), Y€ T,R" =R".

The decay rate S, of u. approaches oo (in the radial direction) as © — co. We
can extend the notion of decay rate to spray m spaces.

Let (M, G,du) be a spray m space. In a standard local coordinate system
(z',y*) in TM, put

_ 0 0 _ i 9 _ 1. .. n
G=y Ey 2G (y)ay“ dp = o(x)dx dz".
Define
oG™ y™ Oo .0
= L7 — |, e T, M. 2
S() = 5o )~ s g (@) ¥=v gl € (5.20)

S has the following homogeneity property.

S(Ay) =AS(y), A>0,yeTM)\{0}. (5.21)

The quantity S is originally defined by the author [Sh3] for Finsler spaces
with the induced Busemann-Hausdorff measure. S is called the mean covariation
in [Sh3] and the mean tangent curvature in [Sh5]. The mean tangent curvature
is generalized to spray m spaces (M, G, du) for the first time in this book. We
shall call S the S-curvature.

The following four types of sprays m spaces are of interest:
(S1) S(y) = S;i(z)y’ is a 1-form in y;

(S2) S(y) = S;(x)y’ is a close 1-form on M;
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(S3) S(y) = S;(z)y’ is an exact form on M;
(S4) S=0.

By (5.20), we see that (S1) (S2) (S3) are independent of the underlying
volume form du. Clearly, if Gi(y) are quadratic in y € T, M, x € M, then S
becomes a 1-form on M.

Every spray on a regular measure space can be deformed to another spray
with vanishing S-curvature. More precisely, we have

Proposition 5.2.1 Let (M, G,du) be a spray m space and

G:=G+ —Y, (5.22)

where Y = y? 8.?11' denotes the canonical vertical vector field on TM. The S-

curvature of (M, G,du) always vanishes.

Proof: In local coordinates,

2 ; S(y) i
K3 — K3 _ NI ’l. ‘2
G'ly) =Gy - v (5.23)
By (5.23), we obtain
oGt 9G" 1 88, S
- = - — —— ' — 5. 24
Oy’ oyl n—}—l@yﬂy n+1"7 (5.24)
The homogeneity of S implies
98 ;i _
6yiy
Thus B
oG™  oG™
= __ 8. 2
By By S (5.25)
We obtain
§_0G™ ym do _OG™ y™ 90 o _
 9ym o 9xm  Qym o Oxm N
With this, the proof is completed. Q.E.D.

Example 5.2.1 Let F' denote the Funk metric on a strongly convex domain (2
in R™. According to Section 4.3, the spray coefficients G* of F' are given by

1 .
G'=3Fy'. (5.26)
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Differentiating (5.26) yields

oG™  n+1

— = F.
oy™ 2

By Example 5.1.2, the Busemann-Hausdorff volume form dur = op(z)dz® - - - dz™

is given by
Wn

7T = Euclidean Vol(Q2) constan
Plugging them into (5.20), one obtains
n+1
S(y) = —5—F(). (5.27)
In this sense, the S-curvature of F' is constant. il

Example 5.2.2 Consider a Randers metric F' = a+  on a manifold M, where
a(y) = \/aijy'y’ is a Riemannian metric and 8(y) = by’ is a 1-form with

- BW _ o
18l (x) := o ) aiibb; < 1.

Define b;;; by
0b;

— k
biyj = oz bk%’j:
where yjk denote the Christoffel symbols of a. Let
1 1
rij = 5 (bi +b5i),  sig = 5(biy — bjia)-

Let G* and G* denote the spray coefficients of F' and « respectively (see (4.30)).
They are related by

G'=G' + Py + Q' (5.28)

where
pP: = % (rkzy’“y’ - 2a(y)b1~a”’8my’) (5.29)
Q: = adsuy'. (5.30)

See [BaChShl1] for a proof.

Differentiating (5.28) with respect to y¢, then taking summation over i, we
obtain

N =N" + (n+1)P, (5.31)

m m

Let
dpp = op(z)dz' ---dz™,  dpe = o(x)dz - da™.
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From Example 5.1.1,

or(@) = (1-1BI2@)  oal) (532
Note kg
g_aa;;‘; =N (5.33)
Plugging (5.31) and (5.32) into (5.20) yields
1 2) i
S(y) = (n+1) W(Ilﬁlla)my + P(y)]. (5.34)

By an elementary argument, one can easily prove that the following conditions
are equivalent for Randers metrics.

(i) S=0;
(ii) S is a 1-form;

(iii) p satisfies

1 .
rij = — 5= | bi([1B112) 25 + b (18115) 2 |- (5.35)
! 2(1—-11A112) [ !
Thus if
ri =0,  ||8la = constant, (5.36)
then S = 0. #

The condition (5.36) means that 8 is a Killing 1-form of constant length.
If g is parallel, then it must be a Killing 1-form of constant length. There are
some Riemannian spaces with non-parallel Killing 1-forms of constant length.
See Example 5.2.3 below.

Example 5.2.3 Let {¢!, (2, (3} be the canonical left-invariant co-frame on the
Lie group Sp(1) = S? so that the following is the canonical Riemannian metric
of constant curvature x = 1 on S3.

a1(y) = VI WP + [CWP +[GW)P

(', (%, ¢? satisty
dct =203 AN C, dE =20 A, de =20t A (5.37)
Counsider F' = o + 3, where

aly): = ValC'W)P + )P+ ACH)R, (5.38)
Bly): = bi¢'(y) +b2(y) + b3 (y).- (5.39)
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Assume that

ot = /() + () + () <
Then F' is a special Randers metric. Let

wl = a(l, w? = bCz, W= cC3.

{w!,w? w3} is an orthonormal co-frame for TS® with respect to a. It follows
from (5.37) that

dw' = w Aw/',

where w]-i are the Levi-Civita connection forms of «, determined by wji+wij =0,
wh=cA(, w!=-bB? wi?=aC,
and
a b c
A = be + P ?
a c
e O
c = —4+=2-2

Express 5 in the form R ~ ~
B = blwl + b2w2 + b3w3

where by = b1 /a,by = by/b and b3 = bz/c. Define Vf = bjjw’ ® w’/. A direct
computation gives

b =0, bio=—b3B, biz=DhbA
bo = 03C, by =0, byy=—bA
b3y = —0sC,  bsy =0 B, by =0.

Let {e1, e2,e3} be the frame dual to {w!,w?,w3}. For y = ue; + ves + wes,

Sl i bl Gl IO { G RS CRLO B

—oz%(c2 — bz)u — a%(az — cz)v — a% (b2 — aQ)w}.

Since ||f]|o = constant, (5.34) simplifies to

S(y) = (n+1)P.

Thus S = 0 if and only if

bibo (a2 - bz) -0, by (a2 - bz) —0,
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b1bs (a2 — 02) =0, b (a2 — 02) =0,

boby (b2 ~ c2) -0, b (b2 - 02) — 0.

As one can see, there are some non-trivial solutions for the above system of
algebraic equations. i

The S-curvature can be expressed in an index-free form using geodesic fields.
The index-free form is particularly useful in comparison theorem.

Let (M, L,du) be a Finsler m space. Let {e;}? ; be an arbitrary basis for
T, M and {w'}?", the basis for T M dual to {e;}",. Put

dp = o(x)w* A Aw".
Assume that the index of L, ind(L) = 0. Thus det[gy(e;, e;)] > 0. Define

det(gy (ei, €;))

7(y) :=1n [ o (2)

], y € T, M \ {0}. (5.40)

T is a positively homogeneous function of y € T, M of degree zero. 7 is called
the distortion of (L,dp). Note that 7 = 0 when L is Riemannian and dy is the
Riemannian volume form.

A non-zero vector field Y on an open subset &/ in M is said to be geodesic if
the integral curves of Y are geodesics, namely,

oxJ

Lemma 5.2.2 ([Sh3|[Sh5]) Let (M,L) be a Finsler space with det(g;;) > 0.
For a tangent vector y € T, M, let Y be a geodesic field with Y, = y. Then

Y +2G(Y) = 0. (5.41)

S(y) = y[r(v)]. (5.42)

Proof: Observe that in local coordinates

0 1 ..0gi;
_— . — g2y
Bk (ln det(gu)) = 5950 (5.43)
W(ln det(gz’j)) = 9" Cijk, (5.44)

where Cjj;, denote the coefficients of the Cartan torsion. It follows from (4.40)
that

L i509i ij l i
JY'g J@ —2¢"Ci;G' = N}. (5.45)
By definition, the geodesic field Y = Y 8?” satisfies
oY’ :
y# +2GH(Y) = 0. (5.46)

ozk
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Here Y in G* stands for its coordinates (z!,---,2";Y(z),---,Y"(z)). By
(5.43)-(5.46), we obtain

Y[T(Y)] - Y’“%(ln\/det(gij(Y)))—Y’“%(lna)

_ 1 k ij Bg,] B 6Yl Yl Oo
= P05 20| - T
I SN ) 94l g ! _Y_iao
= SYRI)ZE(Y) - 207 (1) Cip (V)G (V) - — o2
i Y* 9o
= NIY) - — 2 =S(Y).
This completes the proof. Q.E.D.

5.3 Geodesic Flows

In this section, we will discuss geodesic flows and the geometric meaning of the
S-curvature.

Let G be a spray on M. For any y € TM \ {0}, there is an unique curve
¢(t) = éy(t) in TM \ {0} satistying

C-a. 0=y (547)
Let ¢:(y) := ¢,(t). We obtain a family of diffeomorphisms
60 TM\ {0} — T\ {0},
Each ¢; has the following homogeneity property
Pe(Ay) = Adely), A>0.

We call ¢; the geodesic flow of G.

b:(y)

de(y')

Let du = o(z)dz' - --dx™ be a volume form on an n-dimensional manifold
M. dp induces a volume form dj on T'M by

dj := o*(z)da* - - - dz"dy* - - - dy™. (5.48)

We have the following



5.3. GEODESIC FLOWS 75

Proposition 5.3.1 Let (M, G,du) be a spray m space and ¢; denote the geodesic
flow of G. Then

d * 1A ~
i ((¢t) d,U)|t:0 = —2S dj. (5.49)
Hence if S = 0, then the geodesic flow ¢; preserves dji.

Proof: In the standard local coordinates (x%,y?), let (<pt, 1}) denote the coordi-
nates of ¢; for small t. Then ¢} (y) = 2% and 1/)0( ) = y'. Foreveryy € TM\{0},
é(t) := ¢¢(y) is an integral curve of G, i.e.,

dpl ;
L=y (5.50)
dipi do
R ( Y )) (5.51)
Observe that
I % k a@t k)
(¢pp)*da® = Dk L dx —{—a dy
* i 6¢t 6¢t k
By (5.50) and (5.51), we obtain
d ) )
(@) da’) o = ay, (5.52)
d . _ oG! 9G! k
Gl@rd ) = 25Tt —25 5wt (553)
It follows from (5.52) and (5.53) that
d * 1 n 1 n _ aGm 1 n 1 n
%((qﬁt) [dm dzdyt - dy ])|t:0_— Gy e’ ey ey (5.54)
On the other hand,
ds o m 00
(020 9) im0 = 20@)y" 5= (@). (5.55)
Then
d . 1A _ 2 oG™ y™ do n n
E((@) dﬂ)|t:0 = -2 (m)[&y—m(y)— mam—m(l‘)]d dz"dy" ---d
— —28(y)di
This gives (5.49). Q.E.D.

Given a spray m space (M, G, du). Consider another spray
28
G=G+ —Y

By Proposition 5.2.1, we know that the S-curvature S of G vanishes. Thus the
geodesic flow ¢; of G preserves the volume form dg on T'M induced by du.
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Corollary 5.3.2 Let (M, G,dp) be an arbitrary spray m space and <z~5t denote
the geodesic flow of G = G + nQ—_le. Then ¢, preserves the volume form dji on
TM induced by du.

Let (M, F') be a positive definite Finsler space. F' induces the Sasaki metric
g, and ¢ induces the Sasaki volume form dV; on T'M \ {0}. See (5.14) and
(5.15). In his Ph.D. thesis [Dazl][Daz2], P. Dazord proved that the geodesic
flow ¢y : TM \ {0} — TM \ {0} always preserves the Sasaki volume form dVj.
Thus, the Sasaki metric and the Sasaki volume form on T'M \ {0} play an
important role in Finsler geometry.



Chapter 6

Non-Riemannian Quantities

In this chapter, we will introduce several geometric quantities for sprays and
Finsler metrics. These quantities always vanish for Riemannian spaces. There-
fore, they are said to be non-Riemannian. The most important non-Riemannian
quantity was introduced by L. Berwald [Bwl][Bw2][Bw8] for Finsler metrics.
Who is L. Berwald ?

Ludwig Berwald

Lugwig Berwald was born on December 8, 1883, in Prague. He always listed his
religion in the school catalog as Jewish. He entered the Royal Ludwig-Maximilian
University (Munich) in the Fall of 1892, where he pursued his studies in mathematics
and physics. In December of 1908, he earned his doctorate under professor Auriel Voss
with his paper “Uber die Kriimmungseigenschaften der Brennflachen eines geradlinigen
Strahlsystems und der in ihm enthaltenen Regelflichen”. In 1915, Berwald married
Hedwig Adler (born in Prague). After then, he became a lecturer at the German
University in Prague. He was promoted to an associate professorship in 1922, and
became a full professor in 1924.

On October 22, 1941, Berwald’s scientific work came to a close. The Berwalds were
deported to the Ghetto in Lodz, Poland, by order of the German Secret Police. Mrs
Berwald died on March 27, 1942. Cause of death: Blocked arteries. Professor Ludwig
Berwald died a few weeks later on April 20th. Cause of death: Intestinal catarrh,
heart failure.

L. Berwald’s scientific work is mainly in the area of differential geometry. He wrote
54 papers until the time of his deportation. Only a small fraction of his investigations
[Bw1]-[Bw8] are mentioned in this book.

6.1 Berwald Curvature of Sprays

Let (M, G) be a spray space. In a standard local coordinate system (z?,y?) in
TM, G is expressed in the following form

0
Ox?

0
Oyt’

G=y'— —2G'(y)

7
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where G satisfy . .
G'(\y) = N*G'(y), A >0.

bet 0G? 0%G?
N;(Zl) = Dy (v), F;’k(y) = W

N JZ and 1“;- « are called the connection coefficients and the Christoffel symbols of
G respectively. Note that I'%; are local functions on 7'M\ {0}. When we change
the local coordinate system (z?) in the base manifold M, the corresponding

standard local coordinate system (z',y’) in TM changes and '}, change subject

(y)- (6.1)

to the transformation law. More precisely, if the local coordinate system (z?) is
changed to another local coordinate system (#'), then
=, 0P 0rd 9z* . 9FP 84!
" 9zt 939 0ir MM 0wt 05907

(6.2)

Note that Fj-k depend on (y') and f‘fl’r depend on (gP), where gP = gi? y'. But
the second term on the right hand side of (6.2) is independent of (y*).
Differentiating (6.2) with respect to y' yields

oLb, 9z° 9P da’ 9a* LYy,
s Ozl Oxt 031 0" Oyl

(6.3)

i
Ty

From (6.3), we see that 3y

are the coeflicients of a tensor on TM \ {0}. Set

. ort, R 893Gt
Z. = ]k = J =
Jkl (y) ' 6yl (y) 6yk6yl (y) 6y16yk6yl (y)

(6.4)

This leads to an important quantity. For a tangent vector y € T, M \ {0}, define

B, : T, M @ T,M @ T, M — T, M

by
B, (u,v,w) := B;kl(y)ujvkwl pp s (6.5)
u = u"% 2,V = Uj%u and w = wk%u. B, (u,v,w) is symmetric in u,v

and w. The homogeneity of G' implies
By(y,v,w) =0. (66)

L. Berwald first noticed that the third order derivatives of G give rise to an
invariant for Finsler metrics [Bwl][Bw2]. J. Douglas extended the notion to
sprays without any modification [Dgl]. Therefore, we make the following

Definition 6.1.1 B is called the Berwald curvatureA spray is said to be affine
ifB=0. .
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There is another interesting quantity for sprays. For u,v € T, M \ {0}, let
Ni(u,v) := vjN;(u) - ujN;(v).
Clearly, Ni(u,v) can be extended to u = 0 or v = 0. Define N : T, M x T, M —

T,M by

Z' a
N(u,v) =N (u,v)%h.

N(u,v) is well-defined. From the definition,

(6.7)

N(u,v) + N(v,u) = 0.

We call N the N-curvature. By an easy argument, we can show that B = 0 if
and only if N = 0. Thus the following are equivalent.

(i) B
(i) N
(iii) the spray coefficients G'(y) are quadratic in y € T, M for all x € M;
(iv) T ( ) are independent of y € T, M \ {0} for all x € M.
. ]I;})r [Z}Isli j;ﬁ:hee rsrirjvi i,n vzlee 1;)Illo(;cauin a set of local functions %, (z) := %
D:T,M x C*(TM) — T, M
by
D,U = {dU(y) + U ()b ()" } o . (6.8)

The family of maps D has the following properties

y(FU) = y(/)U + fD,U;
y(U+V)=D,U+D,V;

(a) D
(b) D
(¢) Dy, U = AD,U;
(d)
(e) DyV —DyU = [U, V];

D,:,U = D,U + D,U;

where A € R, f € C®°(M),y,v € T,M,U,V € C®(TM). D is smooth in the
sense that Dy V € C°(T'M). A family of maps D with the above properties is
called an affine connection on TM. Therefore, affine sprays on a manifold are
nothing but affine connections on the tangent bundle. H. Weyl first introduced
the notion of affine connections as a generalization of the Levi-Civita connection
of Riemannian metrics from his continuum-based view of differential geometry.
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Weyl claimed over and over again that Riemannian geometry did not appear
completely convincing [We2]. This probably leads to the study of general sprays.

Let
1

Ejx(y) := 5Bjkm (), (6.9)

This set of local functions give rise to a tensor on T'M \ {0}. For a tangent
vector y € T, M \ {0}, define

E,:T.M xT,M - R

by

E,(u,v) := Ejj,(y)ulv*, (6.10)
where u = ui%h and v = vj%h. E,(u,v) is symmetric in v and v. E, can
be viewed as the trace of B,. (6.6) implies

Ey(y,v) =0. (6.11)
Definition 6.1.2 E is called the mean Berwald curvature. A spray is called a
weakly affine spray if E = 0.
From (6.4), we have

1907 1 82N 1 oGm
ik (y) = 2 aym (y) = 2 DyioyF (y) = gm(y)- (6.12)

Suppose that M is equipped with a volume form du. Then the S-curvature
is defined for the pair (G, dy). It follows from (5.20) and (6.12) that

1

Eij(y) = isyiyj (y)- (6.13)

From (6.13), we immediately obtain the following
Proposition 6.1.3 For a spray m space (M, G,du), E =0 if and only if S is
a 1-form on M.
From (6.9), we have
B=0 = E=0. (6.14)

Thus on a spray m space with B = 0, the S-curvature is always a 1-form.
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Example 6.1.1 Consider the following special spray on an open subset i/ C R"

) 9
G =y'"— —2P t— 6.15
y a.’El (y)y 6yl) ( )
where P satisfies
P(Ay)=AP(y), AX>0,yeT,U.
The geodesics of G are straight lines in /. A direct computation yields
= Pyjykylyi =+ Pyjyz(sz + Pyjyk (5; + Pykyz(S; (617)
Then 1 +1
m i n i g
E,(u,v) = EBijm(y)u v = T.Pyiyju vl (6.18)
We can conclude that
B=0 < E=0.
Therefore, G is an affine spray if and only if P is a 1-form on U. i

More general, consider two sprays G and G on a manifold M. Let
Q:=3(G-6)
=g .

Q is a vertical vector field on T'M \ {0}. Take the vertical lift {e}}?_, of a basis
{e;}; for T, M and express Q = Q(y)e?. Q° are positively homogeneous of
degree two, namely, Q*(\y) = A2Q%(y), VA > 0. Let

i Q'

jkl(y) = W(y)-

Define Qy(u,v,w) := ;kl(y)ujvkwl, where u = ule;, v = viej, w = wey. Let
B and B denote the Berwald curvature of G and G respectively. A direction
computation yields

B=B+Q. (6.19)
Consider a two-dimensional spray on an open subset & C R?

G = uaa—x +v§y — 2G(m,y,u,v)(,% - 2H($,y,u,v)%.

Write G = G(z,y,u,v) and H = H(z,y,u,v) in the following form
1 U\ o
- Ee(maya E) u

1 1
H = —@(m,y, E) uY — —@(m,y, E) u?,
2 U 2 U
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where © = ®(z,y,£) and ¥ = ¥(z,y, &) are C* functions on U x R. By a direct

computation, we obtain a formula for By (v, v,v) = B! % + Bza%,
1 3
1 o _— p—
B' = -0 (gu ,,) (6.20)
1 3
2 _ 1 _ _
B* = -3 {f@sss + (3955 ‘I’sss) } (u€ V) ; (6.21)

where y = u% + vai, v = u% + ’/a% and £ = v/u. It follows from the above
formula that G is afhne if and only if

@555 =0, 3@55 — q’ggg =0. (6.22)

By the above formula for B, we immediately obtain a formula for E

By(v,v) = 1 (306 — ege) (e ) (6.23)

Clearly, there exist two-dimensional sprays which are weakly affine, but not
affine. For example, we can take

1

(9:3

@ + A¢ + B,

where A = A(z,y), B = B(z,y) and ® = ®(z,y,£) is an arbitrary function
such that ®¢eee # 0. For this set of {O, @}, the corresponding spray is weakly
affine, but not affine.

Now we consider Finsler sprays. First, we make the following

Definition 6.1.4 A Finsler metric is called a Berwald metric if the induced
spray is affine.

According to Z. Szab6 [Sz1], if an affine spray is locally induced by a positive
definite Finsler metric, then it is induced by a Riemannian metric. Based on
this observation, Z. Szabé proved the following remarkable result.

Theorem 6.1.5 (Szabd) Besides the Riemnannian spaces and Minkowski spaces,
there are ezxactly 54 kinds of irreducible and globally symmetric non-Riemannian
Berwald spaces such that all other simply-connected and complete Berwald spaces
can be globally decomposed to the Cartesian product of the above 56 spaces.

Here a Finsler space is said to be irreducible and globally symmetric if the
canonical affine connection (i.e., the Berwald connection) is irreducible and glob-
ally symmetric. The above theorem implies the following

Proposition 6.1.6 (Szabd) Every positive definite two-dimensional Berwald
metric is either locally Minkowskian or Riemannian.
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See [BaChShl] for a proof. A brief argument is also given at the end of Section
11.1.

Two-dimensional singular Berwald metrics were classified by L. Berwald
[Bw5]. He found all 2-dimensional Berwald metrics which are not locally Minkowskian.
See also [Mad] [AnInMa] and [MaOX].

Below are several two-dimensional conformally Minkowski Berwald metrics
which have been studied by Antonelli and his collaborators in biology.

Example 6.1.2 ([AnHaMo)]) Let L = L(z,y,u,v) be a Finsler metric on an
open subset & C R? in the form

o2
L =exp [—2a1x+2(/\+1)a2y+2ygxy] - ( - ) ,
ux

(6.24)

where A and «a; are positive constants. Antonelli-Han-Modayil compute the
spray coefficients G = G' and H = G? of the spray induced by L

1 .
= 5/\(041 — ng)uz

o 1 V3 2
H = 2(a2+/\+1a:)v.

Thus L is a Berwald metric which is also conformally Minkowski. See Example
8.2.6 below for further discussion. il

In higher dimensions, there are also many interesting singular Berwald met-
rics. The following examples are given by M. Matsumoto.

Example 6.1.3 ([Mal2]) Let p = p(z,y, 2) be a C* function on an open subset
Q) C R3. Consider a conformally Minkowski metric

Ly = eP(#:v:2) (uvw) 2/3.

A direct computation gives

det (gij) _ %esp(z,y,z).

The sign of g1; tells us that L; is not positive definite. The spray coefficients
of Ly are given by

Gl = sz(m,y,z) UZ, G2 = Zpy(mayaz) UZ: G3 = sz(m,y,z) wz'

Thus L; is a Berwald metric.
Consider another Finsler metric.

2/3
Ly := |3a(z, 2)uw?® + b(y)v3] .
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A direct computation gives

a(e,y)*bly) vu?

det (gij) - 3a(z, z)uw? + b(y)v3”

Thus L, is not positive definite. The spray coefficients of Ly are given by

lag(z,2) . . 1b,(y) . la,(z,z) .
1_ 1 , 2 2 _ 1Yy 2 3._ 2 2
¢ 2 a(z,2) “ "6 by) v 4 a(z,2) v

Thus Ls is a Berwald metric.
Finally, we consider the following Finsler metric

s 2/3
Ly = eP@9:%) [uB + 0% + w?® — 3uvw
A direct computation gives

det (gij) = —e%r@y:3),

Thus L3 is not positive definite. The spray coefficients of L3 are given by

1 . .
Gt = 1 (pw u? + p, 07 + py WP+ 2py, uv + 2p, uw + 2p, vw)
2 1 2 2 2
G° = Z(pzu + py V7 + prw +2pwuv+2pyuw+2psz)
3 1 2 2 2
G = Z(pyu + P v+ prw +2pzuv+2pzuw+2pva)
Thus Ls is also a Berwald metric. i

6.2 Landsberg Curvature of Finsler Metrics

Let (M, L) be a Finsler space. For a tangent vector y € T, M, define
L,(u,v,w) := —%gy(By(u,v,w),y). (6.25)
In local coordinates,
L, (u,v,w) := Ly (y)u'v’w", (6.26)
where u = ui%h,v = vj%h,w = wk%h and

1, . I *G!
Lijk(y) = =5y 9mi(y) B, (y) = =5y gmz(y)W(y)-

- - (6.27)
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L, is a symmetric multi-linear form. It follows from (6.6) and (6.25) that
L,(y,v,w) = 0. (6.28)

Definition 6.2.1 ([Lal][La2]) L is called the Landsberg curvature. A Finsler
metric is called a Landsberg metric if L = 0.

It was L. Berwald [Bw2] who first called Finsler metrics with L = 0 the
Landsberg metrics. From (6.25), we see that

B=0 = L=0. (6.29)

Thus, Berwald metrics are always Landsberg metrics.

For simplicity, we let

90
Gijik © = 6?; = gimLUjp — gimTig — 2Cim Ni"
9C,i 9C,i
Cijk;l D= 6,;'; — Nlm 6:;7]" — ijkF?ll — CimkF;‘TlL — Cijmrﬂ.

The reader will see that g;j,» and Cjji, are the coefficients of the horizontal co-
variant derivatives of g;; and Cjj,. See Chapters 9 and 10 below. The following
lemma, is useful.

Lemma 6.2.2 The Landsberg curvature coefficients L;j. are given by the fol-
lowing expressions.

1
L,’jk = _§gij;k (630)

Lijk = Cijk;mym. (631)
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Proof: According to (4.38), it suffices to prove (6.31). Let

BCijk O L BQCijk

Byl ) ijk-l-m +— Bylaym'

The reader will see that Cjji; are the coefficients of the wvertical covariant

derivates of Cyj1, and etc. See Chapters 9 and 10 below. Differentiating (4.41)
with respect to y™ yields

03G! 1 0Cikm

git dyioykoym Y o4
_2{Cijll“§cm + Cjkll—‘ém + leml“ik}

Cijr1 =

— 2GlCijk.l.m

—2{ij.mNil + Ciﬂ.m]\f]lc + Cijk-lern}
aCjk.m + E)C,-jm + BCijk 6Cik‘m'

— 6.32
+ oxt Oxk ox™ OxI (6.32)

By the homogeneity of L, we have
Y Cijkom = —Cikm, Y Cijitom = —2Cik1m. (6.33)

Contracting (6.32) with £y’ and using (6.33), we immediately obtain

1. P3Gt 0C,
§Z/JQJZW = —yjﬁ +2G' Citrom + CiriNb, + Catm N + Cram N}
This completes the proof. Q.E.D.
For simplicity, let
0Ly
ijk-l "= 6yl .

Liji. are the coefficients of the vertical covariant derivatives of L;jy,.

Lemma 6.2.3 The Berwald curvature is determined by the Cartan torsion and
the Landsberg curvature. More precisely,

B;"kl = gim{ijl;k + Crktzj — Cikt;m + Lmjk-l}- (6.34)

The reader can verify (6.34) directly. But there is a much simpler way to prove
(6.34) using the exterior differentiation method that will be given later. See
(10.19) below. So we omit the technical proof here.

It follows from Lemmas 6.2.2 and 6.2.3 that if C =0, then L = 0 and B = 0.
In this case, the Finsler metric must be Riemannian.

Recall the definition of the mean Cartan torsion I, : T, M — R

I(v) = ) Cyleirej,0)g” (), (6.35)

ij=1
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where {e;}?_, is an arbitrary basis for T, M and g;;(y) := gy(ei,e;). Similarly,
we define J,, : T, M — R by

n

T,(0) =Y Ly(ei,ej,v)9" (y), (6.36)

i,j=1

We call J the mean Landsberg curvature. The mean Landsberg curvature is an
important geometric quantity in Finsler geometry.

Take a standard local coordinate system (x?,y*) in TM. Let

Ii(y) == Iy(%h): Ji(y) = Jy(%h)

I; and J; can be expressed by
I = ¢7*Cijy, Ji = gk Cyjy,.
Let 5 5
Eij(y) == Ey(%h; @h).

E;; can be expressed by

1 m
For simplicity, let
oI w OL o,

The following lemma is useful

Lemma 6.2.4 The Landsberg curvature is determined by the mean Cartan tor-
sion. The mean Berwald curvature is determined by the mean Cartan torsion
and the mean Landsberg curvature. More precisely,

5= Lyt (6.37)
1
E,'j = E{Ij;i-f-,]i.j}. (6.38)

Proof. (6.37) follows from (6.31). (6.38) follows from (6.34). We will prove
Lemma 6.2.4 later using exterior differentiation method. See (10.27) and (10.28)
below.

Q.ED.

It follows from Lemma 6.2.4 that if I = 0, then J = 0 and E = 0. But
the converse is not true. There are many Berwald metrics with I # 0. We will
present many such examples.
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Let F be a positive definite Finsler metric on M. Let g and ¢ the Sasaki
metric of F' on TM \ {0} and SM respectively (see (5.14)). It is proved in
[Ai] that if F' is a Landsberg metric, then every T, M \ {0} is totally geodesic in
(TM\{0},g). Hence, every S, is totally geodesic in (SM, g). The author proved
(unpublished) that if J = 0, then every T, M \ {0} is minimal in (T'M \ {0}, §)
and every S, M is minimal in (SM,¢g). This implies that the volume function
of the unit tangent sphere S, M

V() = py. (S M)

is a constant, where g, denotes the induced Riemannian metric on S, M. This
fact is due to D. Bao and Z. Shen [BaShl].

Example 6.2.1 Consider a Randers metric F' := a+/3, where a(y) = \/a;;(z)y'ys
is a Riemannian metric and B(y) = b;i(x)y’ is a 1-form on M. Assume that
18]l == supqy)=1 B(y) < 1. This condition guarantees that F' is a positive defi-
nite Finsler metric. M. Matsumoto [Ma2] proved that F' is a Landsberg metric
if and only if g is parallel with respect to a. Namely,

b’ kpk
i;j:@_ ijb =0.

From (5.28), we see that if # is parallel, then the spray of F' coincides with
that of @. Thus F' is actually a Berwald metric [Halcl]. In [SSAY], Shibata-
Shimada-Azuma-Yasuda reproved Matsumoto’s theorem. Later on, S. Kikuchi
[Ki] proved that a Randers metric F' = a + /8 is a Berwald metric if and only if
B is parallel.

~ Let (M, @) be an arbitrary Riemannian space of dimension n — 1 and M :=
M x S! the product space with the standard product metric

a(y) = VIa@P + 5%, y=(7,s) € T(zn(M x S').

The 1-form f := edt, where |e| < 1, is parallel with respect to a. Thus

F(y) == aly) + B(y)

is a positive definite Berwald metric on M. il

Example 6.2.2 Let F' denote the Funk metric on a strongly convex domain (2
in R™. According to Section 4.3, the spray coefficients of F' are given by
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We are going to compute the Berwald curvature and the Landsberg curvature
for F. It follows from (6.16) and (6.18) that

. 1 , n+1
B;'kl = i(Fyl)yjykyl, Eij = TFyzy] (639)
Let 1
hij = F Fyiyi = gij — ﬁgisgjtysyt-
For a vector y € T, M \ {0}, define
hy (u,v) := hij(y)u'v?,
where u = u"% V= vja%ﬂz. h is called the angular metric tensor.
A direct computation yields

1
By(u,0,w) = g {hu(u,0)gy(w,) + hy (0,09, (u,0)
+hy (u,w)g, (v, ) }y
1
+T(y){hy(u, V)w + hy(v, w)u + hy(u, w)v}
1
+—C u,v,w) Yy,
)
n+1
E,(u,v) = hy (u,v).
Thus ) F)
Y
L,(u,v,w) := —§gy(By(u,v,w),y) = —TCy(u,v,w).
Finally, we obtain
F n+1
L=—— E = . 4
5 C, 17 h (6.40)

6.3 Finsler Surfaces

Now we study the mean Berwald curvature and the mean Landsberg curvature
of Finsler surfaces. See (6.10) and (6.36) for definitions. For simplicity, we will
only consider positive definite Finsler surfaces. Let F' be a Finsler metric on a
surface M. For a vector y € T, M \ {0}, let {y,y*} be the Berwald basis for
T, M which is defined by (1.31). By the definitions of E, L and J, we have

1
Jy(yL) = FQ—(y)Ly(yLayL;yL)

1
_ Bo(vt vl vt
2Fz(y)gy( y(y Y LY )7Y)

1
Ey(y',y") = s5—9yByy .y ¥y ).y

iR
2 (y) s
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For simplicity, let

B(y): = F ' (y)By(y "y y") (6.41)
Jy): = F'y)JdyH), (6.42)
E(y): = F'(9)Ey(y"y"). (6.43)

It is easy to see that
B(y) = -2J(y) y + 2E(y) y—

Thus, B(y) is completely determined by J(y) and E(y). We immediately obtain
the following

Proposition 6.3.1 A two-dimensional Finsler metric is Berwaldian if and only
if it is Landsbergian and weakly Berwaldian.

Now we give the local formulas for E(y) and J(y). Let (z,y) denote the
local coordinates in M and (z,y,u,v) the standard local coordinate system in
TM. Let

s = o o)

Since F' is positive definite,
LuuLvU - LuvLuv > 0. (644)

By (1.32), for a vector y = u% + ”a% € T,,y)M, the vector y+ orthogonal to
y is given by
&l
1_ _L” B + L" dy
\/Luuva - LuvLuv '

Yy

y= has the following property:

gy(y7yL) = 07 gy(yJ_ J_) Fz( )

Express the spray of F' by

0 0 0 0
—ut fo 2 2 _9H .
G = uam -I-Uay G(m,y,u,v)au (m,y,u,v)av

y (4.34) and (4.35), we obtain

Lyy(Lyu + Lyv) — Ly(Lyyu + Lyyv — Ly)

G — v T y v TvU yv y 6_45
9(2LLyy — LyLy) “ (6:45)

L,(Lyu+ Lyv) —2L(Lyyu + Ly,v — Ly)

2(2LLyy — LyLy)

H: = G- (6.46)
u

It follows from the homogeneity of G and H that

v

2 3
Cuve = ==Couvy G = (=) Gouvs Gua = = () Gon

u
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The similar identities hold for H. By these identities, we obtain

[é] [e]
_ 8F5 (y) vav oz + Hmw B_y

B(y) w3 N
(Luuva - LuvLuv)
This gives
2F3 (y) Gmeu + vava
J(y) = - ud %
(Luuva - LuvLuv)
E( ) _ _ 2F3 (y) vavv - vavu
Y B u?  LyyLyy — Lyy Ly ’
Express

F(x7y7uiv) :(Zs(m)y) %) u) u >07
where ¢ = ¢(x,y,€&) > 0is a C* function. Note that
LywLyy — LyyLyw = 4¢3¢££

91

(6.47)

(6.48)

(6.49)

(6.50)

Thus (6.44) is equivalent to that ¢¢¢ > 0. From (6.45) and (6.46), we obtain

1
= 50(e0.7) v

1 1
= _G(waya E) uv — _¢($7y7 E) ’LLQ,
] 2 ]

2
where
b — ¢y_¢m£_¢y§§’
bee
_ g% | Pat ¢
0 = <I>¢+7¢ .

Differentiating G and H gives

1 1
Guoow = 5 -Ocee,  Howw = 50 [3955 + Ogeel — CI)EEE]'

Plugging them into (6.48) and (6.49) yields

Iy) = —£[9555+(3955—‘1’5&)%] (q%)%a
E(y) = ﬁ[%gs—@&g&}%-

Thus J = 0 if and only if

Ocee + (3955 - ‘1’555)% =0

(6.51)

(6.52)

(6.53)

(6.54)

(6.55)
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and E = 0 if and only if
30¢e — Peee = 0. (6.56)

It follows from (6.55) and (6.56) that B = 0 if and only if

@555 =0, 3@55 - (1)555 =0. (6.57)

Example 6.3.1 Counsider the following Finsler metric F' on an open subset
U C R%:

1
s

F(z,y,u,v):= {u4 + 2¢(z, y)uv? + 114} , (6.58)

where 0 < ¢(z,y) < 3. The formula for J is given by
J = X{(C3C‘7/- - SCCx) U5 - 4CCy U41} + (3Cx - 3czcx) U/31}2

+(3¢, — 3c%c,) u?v® + dee, wvt — (cPe, — Secy) v5}, (6.59)

where ,
Juv (u4 + 2cu?v? + v4) :

X:

~

2

(cu4 + (3 — 2)u?v? + cv4)

Thus J = 0 if and only if ¢(z,y) = constant, i.e., F' is a Minkowski functional.
The formula for E is much more complicated, so is omitted. #

A natural question is whether or not there is a Landsberg metric which is
not a Berwald metric. From the above argument, we conclude that if ¢ satisfies

¢
Ocee + (3955 - ‘1’555) f =0, Oge #0, (6.60)
then F' = u¢ (a:, Y, %) is a Landsberg metric, but not a Berwald metric.

In order to find a Landsberg metric, one may try to solve (6.55). Let us
expand the equation (6.55) in terms of ¢.

(¢¢§§¢£§¢§§£ - 3¢§¢55¢5f¢55) (¢x + %f) + (3¢§¢5¢5f¢55
—200dec becee + 3PDPeee deee + 2¢¢£¢5£¢555) (%5 + Pyel — ¢y)

- (3¢¢5¢££¢££ + 3¢¢¢££¢£££) (%55 + ¢y55£€)

+ (%W&&%s)%ggs + (6¢¢55¢55¢55)¢y + (2¢¢¢55¢§£)¢y§§€ =0.
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Note that
d(z,y,8) = Va+2b§ + &

is a solution of (6.57), where a = a(z,y) > 0,b = b(z,y) > 0 and ¢ = ¢(z,y) > 0
are C™ functions on R? satisfying ac — b > 0. In this case, F = u¢ (a:, v, %) is
a Riemannian metric.

Another solution is

$(x,y,8) = ePEHA, (6.61)

where A > 0 and p = p(x,y) is a C* function on R?. In this case, F =
up (a:, v, %) is a Berwald metric.

There are many other solutions to (6.57). So far all the known solutions
to (6.57) which can be expressed in terms of elementary functions are also the

solutions to (6.56). Thus the resulting metrics F = u¢(w,y, %) are Berwald
metrics.
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Chapter 7

Connections

It was L. Berwald [Bw1] who first introduced the notion of connection for Finsler
metrics. After his remarkable work, several connections were introduced from
various approaches. The well-known connections are the Cartan connection
[Ca] and the Chern connection [Chl] [BaCh]. They all differ from the Berwald
connection by the Cartan torsion, or the Landsberg curvature, or their linear
combination. But only the Berwald connection can be extended to sprays!
Therefore, we will mainly discuss the Berwald connection throughout this book.
One is referred to [BaChSh1][Mad4][Sh1] for other connections.

7.1 Berwald Connection of Sprays

Roughly speaking, a connection on a manifold is a first order directional operator
acting on vector fields. The Euclidean connection on an open subset U in the
Euclidean space R" is described as follows

DV = (w'Gr @) u G (@)

where V.= (V1,--- V") : &/ — R" is a C™ vector field on U and u =
(ul,-+-,u") € T,U = R™ is a tangent vector at x. The notion of the Euclidean
connection can be extended to spray spaces.

Definition 7.1.1 A connection V on M is a family of maps
V= {vy CT,M x C®(TM) —» T,M, yeT,M\{0}, z€ M}

which has the following properties
(a) VUV =Viv;
(b) VE(SV) =u(H)V + FVEV;

95
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(¢) V¥(U+V)=VIU+ VYV,
(d) V3§,V = fViv;
(e) V¥ ,V =VIV+VIV;
(f) ViV = ViU = [U,V];

where A > 0, u,v € T, M and Y, U,V € C* (T M). Moreover, for any C* vector
fields Y # 0, U and V on M, the vector field VYV is C°.

Let V be a connection on a manifold M. In a standard local coordinate
system (z¢,y%) in TM, define a set of local functions I‘;-k (y) on TM by

; 0 0
;k(y)%h = V%w; yeTl,M.
The last condition (f) implies . .
;‘k = ij-

In this sense, V is torsion-free. For any u = 7ﬂ£;|z and V = Vi%, VYV is
expressed by

0
o'

When V¥ is independent of y € TM \ {0}, V is called an affine connection by

H. Weyl.
o 7
ST
T NG
T4

vy = {u(V)(@) + VI (@) (y)u* |

There is a canonical connection for every spray. Let

o )
G (y) —
501~ 2C (y) By

G=y'
be a spray on a manifold M. The Christoffel symbols of G are defined by

. 092G

]k(y) = W(y) (7.1)
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Here I‘;k (y) are local functions on T M\ {0}. For a vector y € T, M \ {0}, define
amap VY : T,M x C®(TM) — T, M by

i j i 9
ViV o= {u(V) (@) + V@) ()’ o] | (7.2)
where u = uiazi i € T,M and V = Viaii € C®(TM). Clearly, V =

{V¥}yerm\foy is a connection on M. We call it the Berwald connection of
G. From (7.1), we see that I‘;k = chj" Thus the Berwald connection is always
torsion-free. See [Bwl].

When G is an affine spray, i.e., there are local functions F;k(ac) on M such
that

. 1. .
G'(y) = T (@)y'y"
are quadratic in y € T, M at every point x € M, the Berwald connection is

affine. We immediately obtain the following

Proposition 7.1.2 The Berwald connection of a spray G is an affine connec-
tion on M if and only if B = 0.

When a spray is induced by a Riemannian metric g, the Berwald connection
is torsion-free and affine. We call it the Levi-Civita connection of g.

Example 7.1.1 Let (V,F) be a Minkowski space. F' induces a Riemannian
metric g on V \ {0} by

§(u,v) := gy(u,v), u,v € T,VaV. (7.3)

Let D denote the Levi-Civita connection of §. Let (y°) be a global coordinate
system for V determined by a basis and F;'- « the Christoffel symbols of g. Observe
that

) = %g“(y){%(.ﬂ) + %(y) - aagyjf o)
= "@{Cinw) + Ciu®) - Cuw)} (7.4)
= i), (7.5)
where C7, (y) := "™ (y)Cjrm () i

For a spray space (M, G), the core part of the Berwald connection is the
so-called N-connection. It is a family of maps

D, : C®(TM) - T,M, yeT,M,
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defined by
D,V := VIV, VeC®(TM). (7.6)
If y=0, we set D,V := 0. In local coordinates,
D,V = qy(V* VI (x)N} 0 7.7
W= {pV) @) + VI @N ) | (7.7)
where Ni(y) =Tl (y)y" = £ (y).
With the Berwald connection, we can define another family of maps
D, : C®(TM) - T,M, y¢€T,M,
by R
D,V:=V)V, VeC®TM). (7.8)
When V() = 0, we set D,V := y(V?)(z). In local coordinates,
D,V = dy(V* iniy) 2 7.9
W= {pV)@) + NV ] (7.9)

Every Finsler metric L induces a spray G. The Berwald connection of G is
also called the Berwald connection of L. We have the following

Theorem 7.1.3 On a Finsler space (M, L), the Berwald connection V is the
unique connection on T M satisfying

VLV -VYU =[U, V], (7.10)
Wigy (U, V)] = gy(VUV)+gy(U,VyV)
+2Cy (U, V, VYY) — 2Ly (U, V,W). (7.11)

where U, V, WY € C*(TM) with Y # 0.

Proof: (7.10) is equivalent to that I‘;-k = F};j and (7.11) is equivalent to (6.30).
Q.E.D.

Let Y be a non-zero vector field on an open subset I/. Y induces a smooth
Riemannian metric on U

g:=gy.
Let D denote the Levi-Civita connection of . V = {V¥ := D} the Berwald

connection of the Finsler metric L(y) := \/§(y,y). It follows from (7.10) and
(7.11) that

gy (VIV,W) = §(VYV, W)
—Cy (V,W,V¥Y) = Cy (U, W, VyY)
+Cy(V,U, V¥, Y) + Ly (U, V,W). (7.12)
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M. Matsumoto [Ma5][Ma7] has made some investigations on the Riemannian
metric gy for a general vector field Y. In [Sh2], the author shows that the
Riemannian metrics gy are extremely important, when Y is geodesic. Recall
that a vector Y is said to be geodesic if

DyY =VyY =
By (7.12), we immediately obtain the following

Lemma 7.1.4 Let (M, L) be a Finsler space and Y a non-zero geodesic field
on an open subset U with y =Y,. Then for any V € C°(TU) with v =V, and
u €T, M,

=D,V, (7.13)

D Y =D,Y, (7.14)

9,(ViV,y) = §(D.V,y), (7.15)

where D denotes the Levi-Civita connection of g := gy. HenceY is also a

geodesic with respect to .

7.2 Chern Connection of Finsler Metrics

In the previous section, we introduced the Berwald connection for sprays. Since
every Finsler metric induces a spray, the Berwald connection is also defined for
Finsler metrics.

In 1934, E. Cartan became interested in Finsler spaces [Cal. It was the fash-
ion then that connections be metric-compatible such as the Levi-Civita connec-
tion in Riemannian geometry. So Cartan modified the Berwald connection for
Finsler spaces and introduced the Cartan connection. The Cartan connection
is indeed metric-compatible, but not torsion-free. Moreover it can be defined
only on an appropriate vector bundle (e.g. the vertical tangent bundle) over
TM\ {0}.

In 1943, S. S. Chern found another notable connection for Finsler metrics
[Ch1][Ch3]. The Chern connection is different from the Berwald connection
only by a quantity — the Landsberg curvature. The Chern connection is also
called the Rund connection in literatures, because Chern’s papers were written
using Cartan’s exterior differential methods which were not known to other
geometers in Finsler geometry. The curvatures of both the Chern connection
and the Berwald connection are in very simple form, since they are all torsion-
free. In this section, we will give a brief description of the Chern connection.
See [BaCh][BaChSh1] for more details.

Let (M, L) be a Finsler space. For a vector y € T, M \ {0}, the Landsberg
curvature Ly, : T, M x T, M x Ty M — R determines a bilinear symmetric form
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L,: T,M®T,M — T,M by
gy(Ly(u,v), w) = Ly (u, v, w).

(6.28) implies
Ly(y,v) = 0. (7.16)

Define a map V¥ : T, M x C®°(T'M) — T, M by
VYV := VYV — Ly (u,v), (7.17)

where u,v € T,M and V € C®(TM) with V, = v. We call V = {@y}yeTM\{o}
the Chern connection.
In a standard local coordinate system (z?,y?) in TM, let

[ (y) =T (y) — Lix(y),

where L;'.k = g“ijl. We can express the Chern connection as follows

. . L 9
— 2 i k
ViV = {u(V) (@) + V@)D ) } 5=l
It follows from (7.16) and (7.17) that
ViY = VY, (7.18)
ViV = VU, (7.19)

where Y,V € C®°(TM) and w,y =Y, € T, M.
The Chern connection is characterized by the following equations

ViV -VyU =[U,V], (7.20)

wlgy (U V)] = gy (VU V) +9v (U, VyV) + Cy (U, V.V Y),  (721)
where w € T, M and U,V,Y € C*(TM). Clearly, (7.21) is simpler than (7.11).
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The Chern connection also gives rise to a new quantity

i afé‘k i 8L§'k
i (Y) == — By! (y) = —Bju(y) + 6—yl(y) (7.22)

Note that

Pjiklyl =0, Pszyj = _Li:l'

For a vector y € T, M \ {0}, define P, : T, M @ T, M ® T, M — T, M by

. , o
P, (u,v,w) = Pk, (y)u'vFw! o |- (7.23)

We call P = {Py},era fo} the Chern curvature. One can easily verify that
B=0 < P=0.
Thus the Berwald metrics can also be characterized by P = 0.

Connections are just tools. Since the Berwald connection is defined not only
for Finsler metrics, but also for sprays, we will use the Berwald connection
throughout this book.

7.3 Covariant Derivatives Along Geodesics

Once given a connection on a manifold, one can define the covariant derivatives
of tensor fields along a curve.

Let G be a spray on an n-manifold and I‘;k the Christoffel symbols of G in
a standard local coordinates in TM. Let ¢ : [a,b] = M be a C* curve (possibly
¢(t) = 0 for some t). A vector field V = V (¢) along ¢ is a family of vectors

0

V() = V()5

e(t)’
where Vi(t) are C*°. Hence the tangent vector field of c,

dc 0

é(t) = E(t)%

e(t)’
is a vector field along c.

Fix a vector field V = V() # 0 along ¢. For a vector field U(t) along ¢, we
define

du? ; ; dc* 0
v = J i -
VIU() = {0 + U OV () (0} 5 w2
At a point ¢(t,) where ¢(t,) = 0, (7.24) reduces to
Ut 9
1% —_
VEU(t) = o)z - (7.25)
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For simplicity, we always denote

D:U(t) := ViU (2). (7.26)
In local coordinates,
dU? o d
DU (t) = { = () + U (ON((8) } 5 leto- (7.27)

D:U(t) is called the covariant derivative of U(t) along c.
Assume that ¢ is a regular curve. Using 2G* = N/y/, we obtain

0
ox?

Deé = {c + 2Gi(é)} (7.28)

e(t)
Thus ¢ is a geodesic if and only if
D¢ =0. (7.29)

Equation (7.29) is just (4.6) in an index-free form.

Definition 7.3.1 A vector field V = V (¢) along c is said to be parallel if

D:V = 0.

Let p = c(a) and ¢ = ¢(b). We define a map P. : T,M — T,M by
P.(v):=V (), wveT,M,

where V(¢) is a parallel vector field along ¢ with V(a) = v. Clearly, P. is a
linear map. We call P, the parallel translation along c.

Lemma 7.3.2 Let (M,L) be a Finsler space. Assume that ¢ : [a,b] — M is
a geodesic from p to q. Then the parallel translation P. preserves the inner
products g¢, i.e.,

9é(b) (P(u), P(U)) = ge(a) (U, ), u,v € T, M. (7.30)

Proof: Let U =U(t), V = V(t) be two parallel vector fields along ¢. By (7.11),
we have

%(gé(U’ V)) = ey (DéUﬂ V) + ge(r) (U, DéV) =0.

Thus g:(U,V) is a constant. This implies (7.30) Q.E.D.

There is another way to define the covariant derivative of a vector field U (¢)

along a curve c. R
D:U(t) := VYU(t). (7.31)
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In local coordinates,

D:U(t) = {le (t) + a-f(t)N;(U(t))} aii "

A vector field V =V (t) # 0 along ¢ is said to be auto-parallel if

(7.32)

DV (t) = 0.
Define a map P, : T,M — T,M by
P (v) =V (b),

where V' =V (t) is a auto-parallel vector field along ¢ with V(a) = v. It is easy
to see that P, : T,M \ {0} — T, M \ {0} is a diffeomorphism satisfying

P.(Av) = AP.(v), A>0
P. is not linear in general. We call P, the auto-parallel translation along c.

Lemma 7.3.3 Let (M, L) be a Finsler space and ¢ : [a,b] — M a geodesic
from p to q. Then the auto-parallel translation P, : TyM — T, M preserves the
Minkowski functionals.

Proof: It follows from (7.11) that for any auto-parallel vector field V' = V(¢)
along c,

d .

T (gV(Va V)) = 2g9v (DéV, V) =0.
Thus F?(V) = gy (V,V) is a constant. This proves the lemma. Q.E.D.

By Lemmas 7.3.2 and 7.3.3, the reader can easily see that for Berwald met-
rics, P, = P, is a linear transformation preserving the Minkowski functionals
F, in T, M. This implies the following

Proposition 7.3.4 ([Icl]) On a positive definite Berwald space, Minkowski
tangent spaces are linearly isometric to each other by parallel translations along
geodesics.

Roughly speaking, on a positive definite Berwald space (M, F'), the geometry
of Minkowski tangent spaces does not change. Thus S = 0. More precisely, we
have

Proposition 7.3.5 ([Sh3]) On any positive definite Berwald space (M, F), the
S-curvature S = 0 for the Busemann-Hausdorff volume form dur and the
Holmes-Thompson volume form djir.

Proof: Let 0 # y € T, M be an arbitrary vector. Extend it to a geodesic field
Y in a neighborhood of z. Let ¢ be the geodesic with ¢(0) = y and P; := P,
denote the parallel translation along ¢; := ¢l 4. Take an arbitrary basis {e; }}_;
for T, M. We obtain a parallel frame along c,

ei(t) := Py(e;), i=1,---,n.
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Let pp denote the Busemann-Hausdorff measure of F' which is defined in (5.1)-
(5.3). Put

d:U’F|c(t) =0F (t)wl (t) ARRRNA wn(t)a
where {wi(t)} be the basis for T,)M which are dual to {e;(t)}iL,.

Wn

“va{), Fen) <1}

op(t) :

According to Lemma 5.2.2; the S-curvature of F' in the direction of ¢(t) is given
by

\/det [9e(y (ea(t), €5(1))] )]

Up(t)

S(é(t)) = %[m(

By Lemmas 7.3.2 and 7.3.3, we know that

getw (€0, ¢5(0) = g ee),

F(yiei(t)) = F(yiei).
Thus
det [ge)(ei(0).5(1))] = det [g, (er.¢,)].

Bl = {(yi)a F(yiei(t)) < 1} = {(yi)a F(yiei) < 1} = Bl(o)-

This implies S(¢(t)) = 0. In particular, at ¢ = 0, S(y) = 0. By the same
argument, we can also prove that the S-curvature vanishes for the Holmes-
Thompson volume form. Q.E.D.

For a Finsler metric F' on a manifold M, F, induces a Riemannian metric
gz on T M \ {0}. See Example 7.1.1. We call (T, M \ {0}, g,) the Riemannian
tangent space at x. If F' is a Landsberg metric, then P. is a diffeomorphism
preserving the induced Riemannian metrics g, on T, M \ {0}.

Proposition 7.3.6 ([Ic2]) On a Landsberg space, Riemannian tangent spaces
are isometric to each other by auto-parallel translations along geodesics.
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We omit the proof here. Refer to [Ic2] for details.

Take a geodesic ¢(t) in a Finsler space (M, L) and a parallel vector field V (¢)

along c. In local coordinates, V() = Vi(t) 22| (1) satisfies the following system
avi ; ;
J(Ni(&) = 0. .
pm + VI(t)N;j(¢) =0 (7.33)
We have
d
e (voveve)] Lo (vo.ve.ve). @3

To prove (7.34), we simplify the above quantities and let

Clt): = Cuy(V(®),V(1),V(1), (7.35)
L(t): = Lgy(V(Q®),V(), V(). (7.36)

Using (6.31) and (7.33), we obtain

d . .
c'(t) = %[Cijkvl(t)vj(t)vk(t)

_dd 0Cik itk d?c dCijk . .4 Jirk v’ iyk

= T VVIVhE—o 5 VIVIVE 4 3Ci,——VIV
dc! 8C'jk laok i1/ J

= —_— 2 -2 e mj N ik
(TS5 -2 5 3Cmi N PV VIV

= L(t).

This proves (7.34). Thus on a Landsberg space (L = 0), the Cartan tor-
sion is constant along any geodesic. In other words, the Landsberg curva-
ture measures the rate of changes of the Cartan torsion along geodesics. See
[HaHoMa|[Ic2][Ik][KawH] [Bw5] etc. for further discussion on Landsberg met-

rics.

Let {E;(t)}, a parallel frame along c¢. Then

d

dt [9é<t> (Ei(t), E; (t))] —0.

Thus gij = ger) (Ei(t),Ej (t)) are constants. By definition, the mean Cartan
torsion I is given by

Lo (U(t)) = 2”: Cet) (U(t)aEi(t)ij(t))gij

ij=1
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and the mean Landsberg curvature J is given by

t) (U(t)) = z”: L) (U(t),Ei(t),Ej (t))gij_

ij=1

It follows from (6.37) or (7.34) that

%PW(U“D]ZJmKU@)- (7.37)

Thus J is the rate of changes of the mean Cartan torsion I along geodesics.

Example 7.3.1 Cousider the Funk metric F' on a strongly convex domain 2 C
R". According to Example 6.2.2, the Landsberg curvature of F' is given by

1

L+ 5FC=0. (7.38)
Let ¢ : (a,b) — € be an arbitrary unit speed geodesic of F'. Define C(t) and
L(t) as in (7.35) and (7.36) for a parallel vector field along c¢. It follows from

(7.34) and (7.38) that

1
C'(t) = —§C(t). (7.39)
Thus

C(t) = e~ 3'C(0). (7.40)

According to Section 4.3, F' is positively complete. Assume that ¢ is a unit
speed geodesic of F defined on its maximal interval (—J, c0) with ¢(0) = « and

y =¢(0) € T,Q. Then
Fy)
0=1In (1+ F(—y))'

Thus

F(y)

max |C(t)| =4/1+ Fl—y)

IC(0)), min|C(t)] = 0. (7.41)

We see that the Cartan torsion of F' along any geodesic is bounded.
Now we consider the special case when the domain 2 = B™ is the unit ball
in R™. In this case, F' is given by

\/|y|2 (el - o)

+ =,
1~ [a]) T [2f?

(7.42)

Note that F' Euclidean at the origin z = 0. Thus for any geodesic ¢(t) passing
through ¢(0) = 0, C(0) = 0. Then by (7.41), we obtain that C(t) = 0. This
fact can be verified directly too, since F' is explicitly given in (7.42). #



Chapter 8

Riemann Curvature

In 1854, B. Riemann introduced a notion of curvature tensor for Riemannian
metrics. Seventy years later (1926), L. Berwald [Bwl1][Bw8] successfully ex-
tended Riemann’s curvature tensor to Finsler metrics and sprays. In this chap-
ter, we will study the Riemann curvature of Riemannian metrics, Finsler metrics
and sprays. Our approach is different from Riemann and Berwald.

8.1 Riemann Curvature of Sprays

The Riemann curvature is introduced via geodesics. Consider a spray on a
manifold M

9 9
G=y'— —2G" -
Y 5 (y)ay,
A geodesic ¢(t) of G is characterized by
& +2G (&) =0, (8.1)
where z(t) = (z!(t),---,2"(t)) denotes the coordinates of ¢(t). For a vector

field U(t) = U'(t) 5%

c(t) along ¢, its covariant derivative at c(t) is given by

0

L0+ U ONIEN | ol

dt

DU (t) = {

where Ni(y) := 221 (y) are the N-connection coefficients with 2G*(y) = y/ Ni(y).
Cousider a geodesic variation H of ¢, that is a map H : (—¢,¢) X [a,b)] > M
such that the curves ¢, := H(u, -) are geodesics with ¢y = ¢. Then the variation

vector field along ¢

J(t) = %—Z(O,t)

satisfies a 2™¢ order ordinary differential equation. More precisely, we have the
following

107
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Lemma 8.1.1 There is a family of linear transformations Ry : T, M — T, M,
y € T, M \ {0}, such that for any geodesic c(t) and any geodesic variation
H = H(u,t) of ¢, the variation field J(t) = %(O,t) satisfies the following

Jacobi equation
DéDéJ(t) + Ré(t)(e](t)) =0.

Proof: By assumption,

O?H? i(OH
e 26 () =
For simplicity, let
; 0 OH ., 0 _0H
== YTV T
Then (8.3) becomes
oT! ;
5 T 2GY(T) = 0.

Observe that

%[G%T)} = Ut gfj (T) + aa—Uth}(T),
%[N;(T)} = T* gf,f (T) + aa—jrfék(T)
— Tk ?;55 (T) = 2G*(T)T5,,(T),
where F;k = ByJ ay . Note that

ori  H' QU
Ou ~ Oudt Ot

Differentiating (8.4) with respect to u yields

OG 1y 22 i),

92U
2 k
v ot

oz 77 ogk

(8.2)

(8.3)

(8.4)

(8.5)
(8.6)

(8.7)
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Using the above identities, one obtains

DrDsU = DT[(8—W+UJ'N;(T))i]

ot Ox*
oG ON} o o o
—  _7q7k _ 77 k iTt _ NiNY _
= —UH{25 T — ISk 26T - NiNT Y| % (8.10)
For a vector y € T, M \ {0}, let
; oG! ON} P Ni i ;
Ri(y) =257 () =y 55 (0) + 27 ()T (v) = Nj(®)Ni(w).  (8:11)

Define Ry, : T, M — T, M by
R, (v) = Ry(y)v (8.12)

R, is a well-defined linear transformation satisfying R,(y) = 0. We can write
(8.10) as follows

DrDrU + RT(U) =0. (8.13)
The equation (8.13) restricted to ¢ is just (8.2). This completes the proof.
Q.E.D.
Rewriting (8.11) as follows

; oG! ?°Gt - 92GH 0G* dGI
R, = 2———F——y +2G' —— - — =+ 8.14
k Oxk &wayky + Oyidyk  dyi Oyk (8.14)

or:,  or: , N
— Jjl Jjk l

= {5~ 32+ Tl — T5ull o'y, (8.15)

Definition 8.1.2 The quantity R defined in (8.12) is called the Riemann cur-
vature.

The Riemann curvature was originally introduced by B. Riemann in 1854
for (sprays induced by) Riemannian metrics. P. Finsler first studied the vari-
ational problem on Finsler metrics. But he did not introduce any notion of
curvature for Finsler metrics. It was L. Berwald [Bwl] who first successfully
extended it to Finsler metrics, that can be expressed in terms of the Finsler
spray coefficients as in (8.14). Thus, the Riemann curvature can be naturally
defined for sprays without any modification [Dgl] [Dg2] [Bw8]. About the same
time, D. Kosambi introduced a quantity for semisprays via the second variation
of semigeodesics [Ko2][Ko3]. It turns out that Kosambi’s quantity is exactly
the Riemann curvature when the semispray is a spray. Unfortunately, many
names have been given to this distinguished quantity in various settings (index-
dependent or index-free). Some people call it the Jacobi endomorphism and the
h-curvature, etc. In this book , we still call it the Riemann curvature.



110 CHAPTER 8. RIEMANN CURVATURE

The Riemann curvature can also be viewed as a section of H*TM ® VT M
if we express it in the following form

; )
% k
Ry (y)dz" ® ok

See (4.18) and (4.9) for the definition of H*T' M and VT M respectively. Put

; 1 (OR. OR}
T . = k 1
R, : = 3{ayl ayk}’ (8.16)
; 1y O*R; i
i . = ko 1
Riu: = 3500~ apa) (8.17)
We obtain two more tensors on TM \ {0}.
Riyde* ® da' © R de? ® da* © dal @
klw®m®g, jklm®w®m®w.
It follows from (8.17) that
Rjim + Rjilk =0, (8.18)

The local quantities R (y), R';,(y) and Rjikl(y) all live on TM \ {0}. They are
actually the coefficients of tensors on TM \ {0}. See Chapter 9 below.
A direct computation using (8.17) yields
R}y = Gk~ aar Tkl - L300, (8.20)

Thus

Rikl = Rjiklyj: Ri = Rjiklyjyl' (8.21)
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Remark 8.1.3 Every spray determines a unique horizontal distribution HT M =
span{ St } on TM \ {0} (see (4.14)). Observe that

ozk oxd

[5 5]:(5N;’ 5N,g')a )

507 SaF oy = Ry

Thus R = 0 if and only if HT M is integrable, namely, at every point y €
TM \ {0}, there is an n-dimensional submanifold N of T'M passing through y
such that the tangent space of N at every point y’ € N coincides with H, TM.
This observation was made by X. Mo for Finsler metrics [Mo].

Assume that a spray G is affine. Then the Berwald connection V of G is
affine. The Berwald connection coincides with the N-connection D. Since the
Christoffel symbols F;k are functions of z only, (8.20) simplifies to

. ory, - ori, .
Ry (@) = 5o @) = S2E 4 T @5 (0) - Th@Th@. (822

Note that Rjikl(a:) live on M. We obtain a tensor R on M

R(u,v)w := R}

: (8.23)

k1 j
z)u"v'w -
kl( ) ozt
where u = uF |z,v = i,|z and w = wj%h. We call R the Riemann
curvature tensor of D. The Riemann curvature tensor can be expressed in an
index-free form.

R(U,V)W = (DyDy — Dy Dy — D) )W,

where U = Uk -2

52,V =VIZ and W = W ;2 are vector fields on M,

Now we derive a useful formula for the Riemann curvature Let G = ¢’ ail —
2Gi(y )8 - be a spray on a manifold M and Q = Q'(y ) a vertical vector field
on TM \ {0} with

Q') =XQ'(y), A>0.
Let ) ) , , , . .
w'=dz', W' =06y = dy' + Nj(y)da'.

We obtain a natural co-frame {w?, w"“}?zl on TM\ {0}. Let

= Flkdm

For any vertical vector field X = X? 821
vectors to vertical tangent vectors on TM \ {0}

0
Ay’

VX = {dX" + Xluj'} @ (8.24)
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is independent of standard local coordinate system (x%,y) in TM. We call V
the Berwald connection and w]-i the Berwald connection forms. Define Q,

Q;ik; Q.ik;l and Q;ik.l by

dQ' + Qw;’ = Qiuw® + QYW (8.25)
dQlk + Q?kwji - Q?jwkj = ka;lwl + Q?k.lwn+l~ (8.26)
Q% and Q, etc. are called the coefficients of the covariant derivatives of
Q=Qi
oyt
for more details. Based on (8.14), we introduce a new quantity
H()-—H%)ka =2 €T, M (8.27)
y\u) = kyU%Lt; U—U%b a M, .
where .
H']ZC = 2Q;Zk — Q?k;jy] + 2Q]Q?j.k - QZJQJk (8.28)

By (8.14), we immediately obtain the following

Lemma 8.1.4 The Riemann curvature of G := G — 2Q is related to that of G
by
R=R+H. (8.29)

Take an arbitrary local frarne {ei} for TM. Let {e } denote the vertical lift
of {e;} for VI M. If e; = a) 32|, then e} := a] a |y, where y € T, M \ {0}.
By the canonical bundle 1sornorphlsrn ”HTM — VTM we obtain a horizontal
frame {e}'} for HT M. If ¢; := a] 55|, then €} := a] 5%5|,, wherey € T, M\ {0}.
Let {w! w"t?} denote the co-frame dual to {el, e?}. The Berwald connection
V determines a set of connection forms w;" by

v [ v
Ve; =w;' ®e;.

Express Q = Q%e?. One can define the covariant derivatives with respect to
{w, W™t} using w;’. Hy(u) = Hj(y)u*e; can be expressed in terms of Q¥ and
Q" etc. by the same formula (8.28), where Q? and Q' , etc. are the coefficients
of the covariant derivatives of Q = Q‘e? with respect to {e?}. Of course, (8.29)
still holds. The formula (8.29) is useful in computing the Riemann curvature of
certain Finsler metrics, such as Randers metrics.

Definition 8.1.5 A spray on a manifold M is said to be isotropic if the Rie-
mann curvature is in the following form

Ry(u) =R@y)u+try(w)y, uweTl,M, (8.30)

where 7, € Ty M with 7,(y) = —R(y). It is said to be R-flat if R = 0.
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A spray is said to be flat if at every point, there is a local coordinate system
in which
0
Oxt’
Clearly, flat sprays must be R-flat. The converse is not true. Can you find a

R-flat spray which is not flat? The following proposition is due to L. Berwald
and J. Douglas.

G:yi

Proposition 8.1.6 A spray is flat if and only if B =0 and R = 0.

Proof: We shall only sketch the proof here. First, B = 0 implies that the
Berwald connection V is affine. In this case, the Berwald connection coincides
with the N-connection D. From the definition of R, R = 0 implies that
the Riemann curvature tensor R of D vanishes. A classical theorem on linear

connections implies that there is a local coordinate system in which I‘;k = 0.
Thus G is flat. See [BaChSh1] for details. Q.E.D.

Definition 8.1.7 The trace of the Riemann curvature

Ric(y) = (n — )R(y) = R2(y) (8.31)
is called the Ricci curvature and R(y) = -5 Ric(y) is called the Ricci-scalar-.
Example 8.1.1 Consider the following spray on R?

G = uaa—m +v§y + 2u<p,,% - 2(90 - vgov)%,
where ¢ = ¢(z,y,u,v) is a C® function on R? x (R?\ {0}) satisfying
o(z,y, \u, W) = No(z,y,u,v), A>0.
A direct computation yields
Ric = 2¢py(z,y,u,v).

Thus Ric = 0 if and only if ¢ is independent of y. i

Definition 8.1.8 A spray G is said to be Ricci-constant if the Ricci scalar R
satisfies .
R;:=R,i —N}R,; =0. (8.32)

It is said to be weakly Ricci-constant if
Y'R;=y'R, —2G'R,: = 0. (8.33)

It is said to be Ricci-flat if R = 0.
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Lemma 8.1.9 Suppose that a spray G is weakly Ricci-constant. Then for any
geodesic c,
Ric(¢é(t)) = constant.

Proof: Observe that

< [rew)]

¢ Ry (6(t)) + € Ry (¢(t))
= 'Ry ((t)) — 2G'(¢(t)) Ry (é(t)) = 0.
This proves the lemma. Q.E.D.

Note that R = 0 implies that Ric = 0. The converse is not true, even in
dimension two. See Example 8.1.2 below.

Example 8.1.2 Consider the following affine spray on R3

_ 0 0 o0 20 500 2 0
G_u6m+vﬁy+waz 2au 5 2bv 5 2cw 0’ (8.34)

where a = a(x,y,z), b = b(x,y,2) and ¢ = ¢(x,y,z). A direct computation
yields
R} = —2a, wv — 2a, uw, R} =2a,u?, R}=2a,u

R% = 2b, vz, R% = —2b, uv — 2b, vw, R% = 2b, v?
R} =2c, w*, Rj=2c,w?, Ri=—2c,uw—2c, vw.

Thus R = 0 if and only if

The Ricci curvature is given by
Ric = —4[(% + bw)uv + (az + cw)uw + (bz + cy)vw} .
Thus Ric = 0 if and only if
ay+b, =0, a.,+c, =0, b,+c,=0.
There are a = a(z,y,2),b = b(z,y,2) and ¢ = c(z,y,z) such that the corre-

sponding spray G is Ricci-flat, but not R-flat. i

By definition, the Ricci curvature is the trace of the Riemann curvature. For
a two-dimensional spray, the Riemann curvature can be expressed in a special
form.
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Lemma 8.1.10 On a surface M, the Riemann curvature of a spray must be in
the following form
Ry =R(y) I+ 1y, (8.35)

where R = Ric denotes the Ricci scalar, I : T,M — T,M denotes the identity
map and Ty € T M is a linear functional satisfying

Ty(y) = —R(y)- (8.36)

Proof: To prove (8.35), we just need the fact Ry(y) = 0. Take an arbitrary
basis {e1, ez} for T, M and let y = ue; + ves. Observe that R = R} + R} and

Riu — (R} — R)v = Rju+ R3v = 0,
Rjv— (R3 — R)u = Rju+ Ryv = 0.

Let
2 1_
n: = B_BE-R (8.37)
v u
1 2 _
Ty = By _B—R (8.38)
u v
It follows from (8.37) and (8.38) that for a vector u = ne; + (e € T, M,
Rin+Ry( = Rn+ (T1n+72<f)u, (8.39)
Rin+ R3¢ = RC+ (7177 + ng)v. (8.40)
These two identities are just (8.35). Q.E.D.

Now we compute the Riemann curvature of a spray G on a surface M. In a
standard local coordinate system (x,y,u,v) in TM, express G by

G:ui—i—vg —2G(m,y,u,v)(,% —2H(x,y,u,v) 9

52+ 'y 5 (8.41)

Using (8.14), we obtain

Rl = (Ggy— Gyu)v+2GGyy +2HGyy — GGy — Gy H,
RY = —(Guv— Gyu)u+2GGy, +2HG,, — GG, — G, H,
R? = —(H,, - H,,)v+2GH,, +2HH,, — H,G, — H,H,
Ry = (Hy, — Hyy)u+2GHy, +2HH,, — H,G, — H,H,.

The Ricci curvature Ric = R = R} + R3 is given by

R = 2G,+2H,-G? - H?-2H,G, —u(Gy + H,),
—v(Gy + Hy)y +2G(Gy + Hy)y +2H(Gy + Hy)y.  (8.42)
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Let 5
Pi= G~ (Gu+H,)= %Gv — H,. (8.43)
R can be expressed by
R= —Q%Gy +2H, + Pyu+ Pyu—2GP, — 2HP, — P2. (8.44)
If P =0, then
R= —2%Gy +2H,. (8.45)

Now we express the spray coefficients G and H in the following form
1
G = —@(m,y, E)UQ
2 U
1 1
H = —@(m,y, E)uv — —<I>(a:,y, E)uQ,
2 U 2 U

where © = O(x,y,&) and ® = ®(z,y,&) are functions of (z,y,&). The function
P in (8.43) simplifies to

P= %(@i—@).

It follows from (8.44) that R in the direction (u,v) = (1,¢) is given by

1 1
R = -+ (% —0),¢+ (2 — O),
+%q>(q>5 — ) - i@g +0)(% — 0), (8.46)

When P = 0, i.e., © = ®,, the Riemann curvature in the direction (u,v) = (1,¢)
is given by

1 1
R! = 5 (<I>x§5 — 2B, + <I>y55€)€ +50Peces,
. 1 1
R = —3 (<I>m55 — 28, + ‘I’yésf)f — 5 2Peces — 0y

R} and R? are given by R} = —R1/¢ and R} = —R2¢. The Ricci curvature in
the direction of (u,v) = (1,&) is given by

R=-2,. (8.47)
By the above formulas, we immediately obtain the following

Proposition 8.1.11 Let G = uaa—w + Ua% — 2G8‘9—u — 2H% be a two-dimensional
spray, where G and H are in the form

G = %@5 (w,y, %)u2 (8.48)
H = %@5 (w,y, %)uv — %@(w,y, g)uz, (8.49)
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where ® = ®(x,y,&) is an arbitrary function. The Riemann curvature vanishes
if and only if
Qy =0, @155 + ‘I"I’ggg =0. (850)

Let k # 0 be an arbitrary constant and f(s) a solution to the following ODE

()" (s) = kf"(s). (8.51)
Let 1
d = Hf(é)' (8.52)

It is easy to verify that ® satisfies (8.50). Thus the corresponding spray G
defined in (8.48) and (8.49) has vanishing Riemann curvature. This spray is not
projectively affine, because no solution of (8.51) is a polynomial of degree three
or less. See Corollary 13.2.5.

Example 8.1.3 Let B be the standard unit ball in R>. Let

~ Vu2+ 0% = (zv — yu)? + (zu + yv)

@(mayauav) = 1—1’2 _y2 -

¢ is a function on TB” = B x R2. Let G be a two-dimensional spray on B,

0 0 0 0
— U U — 20U — 2y
G u6x+v6y ‘p“au ‘p”au
It is easy to verify that R = 0. i

8.2 Riemann Curvature of Finsler Metrics

Every Finsler metric induces a spray by (4.29) and (4.30). Thus the Riemann
curvature of the Finsler metric is defined to be that of the induced spray. Let us
take a look at the following example before we discuss some special properties
of the Riemann curvature for Finsler metrics.

Example 8.2.1 Consider a Randers metric F' = a + # on an n-dimensional
manifold M, where & = /a;;(z)y’y’ is a Riemannian metric and § = b;(z)y" is
a 1-form satisfying

18]l == 1/a¥ (x)b;s(x)b;(z) < 1.

It is natural to express the Riemann curvature of F' in terms of that of o and
the covariant derivatives of 5. In general, it is very complicated. A complete
solution is given in [YaSh][ShKi][Ma6], etc. When # is a close 1-form, the
formula for the Riemann curvature is much simpler.
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Assume that 8 = bi(m)dwi is close. Let b;,; and b;,j;x denote the components
of the covariant derivatives of 8 with respect to a. Put

® = by (m)yiyj, P = bi;j;k(w)yiyjyk. (8.53)

Let G* and G denote the spray coefficients of F' and « respectively. According
to Example 5.2.2,

R S
i __ i Rl
G'=G"+ ik
Plugging them into (8.14) yields
. 3,dN\2 W . .
=Rt [3(7) - op/h (8:54)

where!
L= 0~ FA)gn(w)y'y's e = —F N (bigik — biky)y'y’ = —F U0 R,

In a index-free form,

R, =R, + [% (%)2 - %] (I — F2(y)gy(y, ~)y) - F ' (y)BRy). (8.55)
It follows from (8.55) that
Ric:m+(n—1)[%(%)2 - %] (8.56)

Without assuming that 8 be close, the formulas for R and Ric are much
more complicated. See [YaSh]|[Ma6][Ma8]. We can compute them using (5.28)
and (8.29). A good example is given in [BaSh2] where we compute the Riemann
curvature for a special family of Randers metric on S3.

f

An important fact on Finsler sprays is that the Riemann curvature R, is
self-adjoint with respect to g,. More precisely, we have the following

Proposition 8.2.1 Let (M,L) be a Finsler space. For any y € T, M \ {0},
satisfies

9y (Ry(u), U) =9y (u, Ry(”))- (8.57)
To prove (8.57), one just needs to verify the following
guR), = guR.. (8.58)
The detailed argument is given in Remark 8.4.4 and Section 10.1 below.

From Proposition 8.2.1, we see that the Riemann curvature R, : T, M —
T, M is self-adjoint with respect to g, for every y € T, M \ {0}. This implies

!n the published book, the last term 7y* is missing.



8.2. RIEMANN CURVATURE OF FINSLER METRICS 119

that R, is diagonalizable as a linear transformation. There are sprays whose
Riemann curvature R, is not diagonalizable. See Example 8.2.4 below. Thus
not all sprays can be induced by a positive definite Finsler metric.

Now let us take a look at Finsler metrics whose sprays are isotropic.

Lemma 8.2.2 Let L be a Finsler metric on a manifold M. Suppose that the
induced spray is isotropic, then there exists a scalar function A(y) on TM \ {0}
such that Riemann curvature is in the form

R, () = o) {0, p)u- g0y}, weTM.  (859)
Proof: By assumption, the Riemann curvature is in the following form
Ry=R(y)I+7yy, yeT,M\{0}, (8.60)

where 7, € T M with 7,(y) = —R(y). It follows from (8.60) that for arbitrary
u,v € T, M,

gy(Ry(u),v) = R(y)gy(u,v) + 7, (u)gy(y,v),
gy(Ry(v),u) = R(y)gy(v,u) + 7,(v)gy(y,w).

By Proposition 8.2.1, we obtain
7y (u) gy (y,v) = 7y (v)gy (Y, u)-

Taking v = y yields

() _ R "
Ty(U)—gy(y,y)gy(y,U)— L(y)gy(y, )-

Letting K(y) := R(y)/L(y), we obtain (8.59). Q.E.D.

Lemma 8.2.2 leads to the following

Definition 8.2.3 ([Bw3][Bw7]) A Finsler metric L is said to be of scalar cur-
vature if there is a scalar function K(y) on TM \ {0} such that the Riemann
curvature is in the following form

R, (1) = AW){ gy (W, )u— 9, (v, u)y},  we M. (8.61)

The function A(y) is called the curvature scalar . L is of constant curvature \,
if A(y) = A. L is of zero curvature if A = 0.

Let L be a Finsler metric on a surface M. By Lemma 8.1.10, we know that
the Riemann curvature of L is in the form (8.35). By Lemma 8.2.2, we con-
clude that L is of scalar curvature with curvature scalar K(y) and the Riemann
curvature is given by

Ry (w) = K(v){L(y) u - gy(y,w) v}. (8.62)
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We come to the same conclusion that every two-dimensional Finsler metric is
of scalar curvature. Note that the Ricci curvature Ric(y) is related to K(y) by

- e

The scalar function K(y) on TM \ {0} is the Gauss curvature. From (8.62),
we see that R = 0 if and only if Ric = 0. Thus any two-dimensional spray with
Ric = 0 and R # 0 can not be induced by a Finsler metric.

(8.63)

However, Finsler metrics of scalar curvature are quite special in higher di-
mensions. This leads to the notion of flag curvature. Let P C T,M be a
tangent plane and y € P\ {0}. The pair {P,y} is called a flag in T, M. Then
P = span{y,u}, where u € P is an arbitrary vector linearly independent of y.
Let L be a Finsler metric on an n-dimensional manifold M. It follows from
(8.57) that the following quotient is independent of the choice of a particular u.

K(P,y) := 9y(Ry(w), u) . (8.64)
9y(Y,Y)gy (usw) = gy (y, u)gy (y, u)
The quantity K(P,y) is called the flag curvature of the flag {P,y}.  There
is a special class of Finsler metrics L such that for any y € TM \ {0}, the
flag curvature K(P,y) is independent of the tangent planes P containing y. As
matter of fact, this class is quite rich. For a Finsler surface (M, L), the tangent
plane P at each point is the whole tangent space T, M. Thus by definition, F'
is contained in this class. In this case, K(y) := K(T,M,y) is a scalar function
on T'M \ {0}. We call it the Gauss curvature.
Clearly, a Finsler metric is of scalar curvature K(y) if and only if for any
y € TM \ {0} the flag curvature K(P,y) is independent of the tangent planes
P containing y. In particular, R, = 0 if and only if K(P,y) = 0. That is, a
Finsler metric is of zero curvature if and only if it is R-flat.

We have an analogue of Proposition 8.1.6 for Finsler metrics, which is due
to L. Berwald

Proposition 8.2.4 ([Bw2]) A Finsler metric is locally Minkowskian if and only
if B=0and R=0.

Proof: Let (M, L) be a Finsler space. Assume that L is locally Minkowskian.
Then there is a local coordinate system (z?,y?) in which G* = 0, hence B = 0 and
R = 0. Conversely, if B = 0 and R = 0, then '}, = I'}; (z) are functions of z
only. The Berwald connection V is affine with vanishing curvature. Therefore,
at every point, there is a local coordinate system in which F;k = 0. Hence

G' = 0. By (4.29), we have
Lyeyy* — Ly =0. (8.65)
Differentiating (8.65) with respect to y™ gives

Lryiymy® + Lymy — Lytym = 0. (8.66)
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Contracting (8.66) with y' yields

2L,m = 0.
Thus
oxtlz
is independent of x, i.e., L is locally Minkowskian. We have proved the propo-
sition. Q.E.D.

Remark 8.2.5 E. Cartan mentioned Proposition 8.2.4 in his monograph [Ca].
One can find a proof in [Nu]. See also [BaChShl1].

Example 8.2.2 Consider the following Finsler metric
2/3
L = (3a(z, 2)uw’® + b(y)v3]
According to Example 6.1.3, L is a Berwald metric. The coefficients of the

Riemann curvature R are given by

R% = —puw, R% = 05 Rili = u27

R}=0, R;=0, R:=0

1 1
Rf:?pwg, R3 =0, Rgz—?puw,
where (2. 2) au(2.2)
o _ ag(w,2) ax(z, 2
#:=0a(02) = 0 alw )
Thus R =0 if and only if ¢ = 0. il

Definition 8.2.6 Let L be a Finsler metric on n-manifold M. L is called an
FEinstein metric if there is a constant A such that the Ricci scalar R := ﬁRic
satisfies

R(y) =AL(y), yeTM. (8.67)

L is said to be Ricci-constant if
R;:= R, — N/R,; =0. (8.68)
L is said to be weakly Ricci-constant if

Y'R; =y R, —2G'R,: = 0. (8.69)

)
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It follows from Lemma 4.2.2 that every Einstein metric is Ricci-constant.

Example 8.2.3 Consider the following two-dimensional spray

0 0 0 —ut+uP®+20* 0
G=u—+v——3vVvuZ+v2—— —. 8.70
u6m+U6y vVuttu ou uvu2 + v2 ov ( )
By (8.14), a direct computation yields
3 . 5\ /U2
T 2 2 2\ (2
R = 2(3u +2v)(u)
3 . v\ 2
2 9(a 02 2\ (Y
R 10

Thus the Ricci curvature
R = R% + R% =0.

By the above argument, we conclude that this spray can not be induced by any
singular Finsler metric.

i
Example 8.2.4 Consider the following affine spray on R?
0 0 5 0 0
Gi=u—+v—— 2 — 2. 8.71
Using (8.14), one obtains
R% = _uv¢y (lE, y):
Ré = _Um/hc (.17, y):
R = (),
R% = U2¢y (lU, y)
The Ricci curvature is given by
Ric = —uv(9, (2,9) + Yu(2,1)). (8.72)
Assume that ¢ and v are related by
For example,
. 1o =Ll
¢.—my+2y, Y= 2;17 zy.

Let f(2) be a non-trivial analytic function on C. Express f by

flz+iy) = p(z,y) + (2, y).

Note that ¢ and ¢ also satisfy (8.73). For the above choice of ¢ and ¥, G is
not induced by any Finsler metric. i
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Example 8.2.5 ([Bw5]) Let L = L(x,y,u,v) be a Finsler metric on an open
subset Y C R? in the form

L = 2@ exp [QQ arctan (%)] (u2 + v2), (8.74)

where @ > 0 is a constant. This metric was studied by P. Antonelli [Anl] in
ecology. The main scalar of L satisfies

I’ Q7

The spray coefficients G = G' and H = G? of the spray induced by L are given
by

« = 2(T1622){(p‘”” — Qpy)u® +2(py + Qpa)uv — (po — pr)v2}
= WIQZ){ — o+ me)u2 +2(pz — 2Qpy)uv + (py + me)vz}.

Thus L is indeed a Berwald metric.
Next we are going to compute the Gauss curvature of L. By (8.42) or (8.44),
we immediately obtain a very simple formula for the Ricci scalar R = Ric

+
R= —% (u2 + UQ). (8.76)

Thus R = 0 if and only if
Paa + pyy = 0.
In this case, L is locally Minkowskian by Proposition 8.2.4. For example, when

p=az +by+c, R=0. Hence L is locally Minkowskian. i

Example 8.2.6 ([Bw5]) Let L = L(x,y,u,v) be a Finsler metric on an open
subset U C R? in the form

14+a\ 2
L = (@) (” ) : (8.77)
ua
where a > 0 is a positive constant. The main scalar of L satisfies
1+ 2a)?
I’ = (+2a)° 4. 8.78
a(l +a) > (8:78)

The spray coefficients G = G' and H = G? of the spray induced by L are given
by
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Thus L is a Berwald metric. By (8.42) or (8.44), we immediately obtain a very
simple formula for the Ricci scalar

_ _ Py
R = a0 +a) uv. (8.79)

Thus R = 0 if and only if p,y, = 0. In this case, L is locally Minkowskian. #

Example 8.2.7 Let L = L(z,y,u,v) be a Finsler metric on an open subset
U C R? in the form

L = e*P@¥)y? exp (2a2), (8.80)
v

where a is a constant. The main scalar of L satisfies

I’ =4 (8.81)

The spray coefficients G = G' and H = G? of the spray induced by L are given
by

1 2
—ap,;uv + 5 (pw - apy)v
= —§ap$v2

Thus L is a Berwald metric. By (8.42) or (8.44), we immediately obtain a very
simple formula for the Ricci scalar

R = pyv*. (8.82)

Thus R = 0 if and only if p,, = 0. In this case, L is locally Minkowskian. i

There are many two-dimensional Finsler metrics with K = 0 which are not
locally Minkowskian.

Proposition 8.2.7 Let L = L(z,y,u,v) be a Finsler metric on U C R? in the

following form
o= oo D)

where ¢ = ¢(x,y,§) is a positive function with ¢e¢ # 0. Suppose that ¢ satisfies

, =0, ‘;_2 + ((;;; )E =0. (8.83)

Then K = 0, hence R = 0.
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Proof: Tt suffices to prove that the Ricci curvature of F' vanishes. Let

0 0 0 0

be the Finsler spray of F. We can express G and H by

G = %G(x,y,%)tﬂ
T A T N

where © = O(z,y,¢) and & = &(z,y,&) are functions on U x R. Assume that
¢y = 0. Then By (6.51) and (6.52), we obtain

¢z£ ¢£ ¢1
P =-— O=— + —.
dee’ s e

Thus
¢, =0.

One can easily verify that the second equation in (8.83) is equivalent to © = ®,.
It follows from (8.47) that the Ricci curvature in the direction (u,v) = (1,&)

R=—-&,=0.

Therefore, K = 0 by (8.63). Q.E.D.

Remark 8.2.8 There is another proof for Proposition 8.2.7. For any solution
¢ of (8.83), ® = —ye/pee satisfies (8.50),

CI)y =0, q)zgg + ‘I"I’ggg =0.

Thus R = 0 by Proposition 8.1.11. Note that for Finsler metrics satisfying
(8.83), the following four conditions are equivalent

(a) Peee = 0;
(b) I =0;
(c) E=0;
(d) B =0.

If any of the above conditions is satisfied, then the resulting Finsler metric L
is locally Minkowskian by Proposition 8.2.4. A natural question arises: Is there
any R-flat Landsberg metric which is not locally Minkowskian? The question
still remains open. According to Akbar-Zedah [AZ2], any positive definite R-
flat Landsberg metric on a compact manifold must be locally Minkowskian. See
Theorem 10.3.7 for a more general statement.
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A trivial solution of (8.83) is
6(2,€) = h(z)(a + bE)°. (8.84)

For this solution, the corresponding Finsler metric has constant main scalar.
Moreover, the Berwald curvature vanishes. Thus F'is actually locally Minkowskian.

If ¢ is a solution of (8.83) for which ® = —¢,¢/¢¢e is not a polynomial of
degree three or less, then the resulting Finsler metric L is not a Douglas metric
(see Chapter 13 for definition). Hence L is not locally projectively flat, namely,
there is no local coordinate system in which geodesics are straight lines.

8.3 Riemann Curvature of Riemannian Metrics

Riemannian spaces are very important Finsler spaces. Euclidean spaces are
the simplest Riemannian spaces. Submanifolds in an Euclidean space are also
Riemannian spaces. A. Einstein used Riemannian geometry to introduce his
general relativity theory. Therefore, Riemannian geometry becomes one of the
main streams in mathematics.

Let (M, g) be a Riemannian space. The Riemannian metric g can be viewed
as a special Finsler metric by setting

L(y) == 9(y,v)-

L is a positive definite Finsler metric, so that we usually denote it by

F(y) == Vyg,y).
The spray G = yi% - 2G" (y)%,— induced by g is given by
; L oafo09k  0gjk\
G'(y) = 19" {2505 — o Ju'v" (8.85)

Clearly, G is affine, namely, G*(y) are quadratic in y € T, M. The Christoffel
symbols of G

i _ PG 1 409, Ogji  Ogjk
@) = GaE ) = 39" a7 + ok~ ar )

are functions of = only. In this case, the Berwald connection V is affine. It
coincides with the N-connection D. We call it the Lewvi-Civita connection in
Riemannian geometry. D is expressed by

0
oxt
where u,v € T, M and V € C*(TM) with V, = v. For a vector y € T, M \ {0},
we express the Riemann curvature Ry, : T, M — T, M by

k9

6mi|w’

D,V = {dVi(u) + vjl“;-k(m)uk}

7
T

i i 0
R, (u) = Ry, (y)u u=u @h e T, M.
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Note R:(y) are quadratic in y € T, M. Set

. 1( &R,  0’Ri
Bjw = §{ayjayl  Byidy* }

Rjikl live on M. Thus we obtain a tensor R on M

Z- 9
R(u,v)w := R; (@) uF vl B Ju-

R is called the Riemann curvature tensor.
A direct computation yields

- 6F§-l B 6F§k
T Ozk ozl

i 1 s s 1
Ry (z + 005 — D5 s,

and ' ' '
Ry(y) = lekl (m)y]yl-

In the index-free form
R(U,V)W = DyDyW — DyDyW — DyyW,
where U, V,W € C*(T M) and
Ry (u) = R(u,y)y.

R has the following properties

The above identities imply

g(Ry(U), U) = g(ua Ry(v))

and
9(Ry(u),u) = g(Ru(y),y)-
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(8.86)

(8.87)

(8.88)

(8.89)

(8.90)

By (8.90), we can see that for a 2-dimensional plane P = span{y,u} C T, M,

the flag curvature K(P,y)

g(Ry(u),u)
9(y,y)9(u,u) — g(y,u)?

K(P,y) =

is independent of y € P. We call K(P) := K(P,y) the sectional curvature of the
“section” P C T, M. A Riemannian metric g is of constant curvature A if the
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sectional curvature K(P) = A for any section P C T, M. Locally, for number
A € R, there is only one Riemannian metric of constant curvature A up to an
isometry. This fact is due to E. Cartan.

Consider a Minkowski metric L on a vector space V. L induces a Riemannian
metric g on V\ {0}. Let C, : T,V x T,V — T,,V. The Riemann curvature R
of g are given by

~

R(u,v)w = Cy(v,Cy(u,w)) — Cy(u, Cy(v,w)), (8.91)

where u,v,w € T,V ~ V. See [KawA]. According to a theorem of Brickell
[Bk1][Sc], a reversible Minkowski functional on V of dimV > 3 must be Eu-
clidean if R = 0.
The indicatrix S = F~1(1) is a hypersurface in V. Let ¢ denote the induced

Riemannian metric on S. We have the following
Proposition 8.3.1 The Riemann curvature R of § has the following form

R(u,v)w = Cy(Cy(u,w),v) — Cy(Cy(v,w),u) + gy(v, w)u — gy(u,w)v, (8.92)
where u,v,w € Ty,S ~ W, C V.
The proof is left to the reader.

Example 8.3.1 (H. Kawaguchi [KawH]) Let L, be an 2-dimensional Minkowski
functional on R? and | - | be the canonical Euclidean norm on R™. Define

L(u,v) := Ly(u) + |v|?, (u,v) € R? x R" = R"*2,

Then L is a singular Minkowski functional. Further, the induced Riemannian
metric § on R™*? is always flat. i

Example 8.3.2 (G.S. Asanov [As2][As3]). Let | - | denote the canonical Eu-
clidean norm on R™. Define a homogeneous functional B on R**! = R x R
by
B(y’,y) =y + Cily"| - lyl + Caly’P,  (4°,y) € R x R™. (8.93)
Let
D= (01)2 - 402
Assume that D < 0. Then B is positive-definite. Define a functional L : R*T! —
[0, 00) by
Ly, y) = B ,y) exp {201V=DAW",y) }, (8.94)

where

A@°,y) =tan"" (%) ~tan ™ (\/C_?)

G.S. Anasov proved that (g;;(y°,y)) is positive definite. Further, the induced

V=D §
4Cq1

Riemannian metric ¢ on the indicatrix has constant curvature
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8.4 Geodesic Fields and Riemann Curvature

A natural question arises: given two sprays on a manifold, how closely related

they are so that the Riemann curvature are equal in certain directions ? In this
section, we will discuss this problem.

_ i 0 i il

Let G = y'57 — 2G’(y)8yl

non-zero vector field Y = Y 6%— is geodesic if

oY’

Ya]

+2GH(Y) = 0. (8.95)
In other words, all the integral curves of Y are geodesics of G.

Definition 8.4.1 Let G and G be sprays on M and Y a non-zero vector field
on M. They are said to be Y'-related if the corresponding N-connections D and
D are equal in the direction Y, Dy = Dy, i.e., their connection coefficients are
related by

Ni(Y) = Ni(Y). (8.96)

Let G and G be two Y-related sprays. Suppose that Y is geodesic with
respect to G. It follows from (8.96) that

G'(Y) = N/(Y)Y! = N(Y)YT =GU(Y). (8.97)
Thus Y is also geodesic with respect to G.
The following theorem is very useful in comparison geometry.

Proposition 8.4.2 LetY be a geodesic field on a spray space (M, G). Assume
that a spray G on M is Y -related to G. Then fory=Y, € T, M

R, =R,. (8.98)
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Proof: Observe that

v = L [em)] - w2
= Lew)] -vmZs
- ZTGI:(Y) (8.99)
and
vy = v 2 [s0] - Mo 2
= ‘ai[ (V)] + 26" ()P (v)
= w‘%(n + ;;Z(Y)Yfg—gwél(yml(y)
= vy gy ) + 26 ().

This implies

261 (v (v) = vo i

YaN

o V) - Y) - 26 (Y)Tjy(Y).  (8.100)

50 L)
Plugging (8.99) and (8.100) into (8.11) yields

Ri(Y) = Ry(Y).

Q.E.D.
Now we prove the main result of this section.
Proposition 8.4.3 Let (M, L) be a Finsler space. For anyy € T, M,
R, = R,, (8.101)

where R is the Riemann curvature of g :== gy and Y 1is a geodesic field of L
with Y, = y.

Proof: Let D denote the Levi-Civita connection of §. By Lemma 7.1.4,
Dy =Dy. (8.102)

Thus L is Y-related to § and (8.101) follows from Proposition 8.4.2.  Q.E.D.
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Remark 8.4.4 Assuming that Proposition 8.2.1 holds for Riemannian metrics,
then it also holds for Finsler metrics by a simple argument using Proposition
8.4.3. Let (M, L) be a Finsler space. For a vector y € T,,M \ {0}, extend y to a
geodesic field Y in a neighborhood U,,. Let R denote the Riemann curvature of
g := gy. By assumption, for any z € & and w € T, M \ {0}, the following holds

N

§(Ru@),v) =3 (wRu(),  wveT

Restricting the above equation to z with w = y, we obtain (8.57).

8.5 Variational Formulas

For Finsler metrics, the geometric meaning of the Riemann curvature lies in the
second variation formulas. In this section, we will give the second variational
formulas for Finsler metrics.

Let (M, L) be a Finsler space. Consider the following variational problem

£(c) = / " L(e(t))dt = Extromum,

where ¢ : [a,b] = M is a C* curve. Take a variation of c,
H:(—¢,e) x [a,b] > M
with fixed endpoints, i.e.,
H(0,t) =c(t), H(u,a)=c(a), H(u,b)=c(b).
Put

£(u) = /LbL(%—Ij(u,t))dt.

Assume c is a geodesic. Hence £'(0) = 0. Let V(t) := 2H£(0,¢). A direct
computation yields the second variation formula

b
£"0) =2 / {ge(DeV,DeV) - gé(Ra(V),V)}dt. (8.103)

Thus, the sign of the Riemann curvature tells us some properties of £ nearby c.
For example, if L is positive definite and the Riemann curvature satisfies

gy(Ry(U): U) S 07

then for any variation H of ¢,
£"(0) > 0.
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Assume that L is positive definite. Let F' = VL. We consider the following
variational problem of length

L(c) == /b F(¢é(t))dt = Extremumn,

where ¢ : [a,b] = M is a C* curve. Assume that c: [a,b] - M be a constant

speed curve of F' with
Fet) =X #0.

Llu) = /:F(%—il(u,t))dt

Then the function

satisfies
1 [
L"(0) = X/ {ge(DeVL,Dc-VL) —gc-(Rc-(VJ‘),VJ‘)}dt, (8.104)

where V1 (t) is given by

V(D) = V() = 3960 (E40), V(1) é(0).

By (8.104), we can prove the Synge Theorem: for an even-dimensional oriented
closed positive definite Finsler space (M, F), if the flag curvature is positive,
then the fundamental group 7 (M) = 0. See [BaChSh1].



Chapter 9

Structure Equations of
Sprays

Sprays are special vector fields on the tangent bundle. All of the quantities
defined by a spray live on the tangent bundle. In previous chapters, we treat
them as quantities on the base manifold by choosing a reference vector. To
find the internal relationship among various quantities such as the Berwald
curvature, Landsberg curvature and Riemann curvature, etc., one has to go up
to the tangent bundle. It seems that exterior differential method is quite useful
in computation for this purpose. We will employ it to do some complicated
computations.

9.1 Berwald Connection Forms

Let M be an n-dimensional manifold. Let (z¢, y?) be a standard local coordinate
system in TM. The vertical tangent bundle of TM \ {0} is defined by

0 0
VT M = 2
span{ oyt oy }
and the canonical horizontal co-tangent bundle of T M is defined by
HTM := span{dwl, ‘e ,dw"}.

These are two special vector bundles over T'M which are independent of any
geometric structure.

Now we consider a spray G = y' 52 — QGi(y)aZi on M. We are going to
show that it determines the complements of VI'M and H*T M. Let

g 9 i 0
z‘ayj7

ori T O

oyt =dy' + N;da:j,

133
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i._ 9G'
where N} := 5,7 Put

HTM := span{%, e &UL"}’ V*TM := span{éyl, . ,6y"}.

One can easily show that HT M and V*T M are well-defined vector bundles over
TM \ {0}. We obtain a direct decomposition for T'(T'M \ {0})

T(TM\{0})=HTM & VT M,
and a direct decomposition for T*(TM \ {0})
T*(TM\ {0}) = H*TM & V*T M.

There are two canonical sections of VI'M and HT M.
0 )

Oy’ G:=y dat (0-1)

In this sense, G is a horizontal vector field on T'M \ {0}.

Y =y

The above setting is in a standard local coordinate system in T'M. Now we
turn to an arbitrary local (co-)frame to gain more freedom. Take an arbitrary
local coframe {w'}? ; for H*TM and the corresponding coframe {w"t*}? | for

V*T M. Express them by
C i e
w'i=ajde’, W' = ajoy’! (9.2)

where (a}) is a local n x n matrix-valued function on 7'M \ {0}. Let (b;) =

e
(a;-) . The dual frame {e;}, for VI'M and {e,+;}7, for HT M are given
by
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The Berwald connection can be defined as a linear connection on VI'M. Let

w;' = ai{db;c + b;.”anldml},

where F;k = %. The Berwald connection V on VI M is defined by

VX =dX'®e + X'w;' ®e;, (9.3)

where X = X'e; € C*(VT'M). We call {w,'}5_, the Berwald connection form
with respect to {w’}™ ;. The co-frame {w™ "¢} | can be expressed as

W't = dv' + vjwji, (9.4)

where v = a’y’ are the coefficients of Y = v'e;.

9.2 Curvature Forms and Bianchi Identities

As we have seen, the Cartan connection and the Chern connection are defined
only for Finsler spaces, while the Berwald connection is defined for general spray
spaces. Therefore, we will use the Berwald connection as our main tool to study
spray spaces and Finsler spaces.

Let (M, G) be a spray space. Take an arbitrary local coframe {w'}j, for
H*TM and the corresponding coframe {w"**}, for V*TM. Let {w}} be the
Berwald connection forms with respect to {w?}" ;. The symmetry I‘;k = I‘fc j1s

equivalent to . ' '
dw' = w! Aw,'". (9.5)

Put ' . '
Q' = dw;' — wjk A wy'. (9.6)

The matrix-valued 2-form Q = () is called the curvature form of the Berwald
connection with respect to {e;} or {w’}. Differentiating (9.5) yields

0=d? i:dijwji—ijdwji:ijjS.

Thus jS must be in the following form

1 .
Q) = §R/klw Aw' = Biyw* Aw™t, (9.7)
where ' .
R+ Ri'y =0, (9.8)
and

B;kl = Blicjl' (9.10)
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Put . . . '
Q"= dw" T — W AWy (9.11)
Differentiating (9.4) yields ' o
0l =0} (9.12)
Thus we can express (¢ in the following form
Q= %Riklwk Aw! — Biwk A w™ (9.13)
where . o ' o
Riy :=v'Rjy, Bi:i=vBl,. (9.14)
Put
L= R =0V Ry, (9.15)

As a matter of fact, the above quantities in (9.7) and (9.14) are not new. We
will show that R ji 1 are exactly the coefficients of the Riemann curvature tensor

given in (8.20) and B; w are exactly the coefficients of the Berwald curvature
given in (6.4). Moreover, B}, = 0. First we prove the following

Lemma 9.2.1 ' ' '
A + QF Awl —wFAQ =0 (9.16)

Proof: The proof is direct, using (9.6).

dﬂji = —dw]-k Awl + w]-k A dw,!
= —(Qf +w! Aw) Awd + w0 A Q) +wd Aw)
= —QfAw +wf AL
Q.E.D.
Define R}y, and R}y, . by
deikl - R} w™— Rjimlwkm - Rjikmwlm + Rjn}clwni
R} jym@™ + Ry gy ™™ (9.17)
Similarly, we define B;kl;m and Bj-kl,m by
dB;kl - Bluw™ - B;'mlwkm - B;kmwlm + Bﬁclwni
From (9.16), one obtains the following Bianchi identities
Rjikl;m + Rjilm;k + Rjimk;l =0; (9.19)
lekl-m = ;'ml;k - B;km;ﬁ (9.20)
Bigtm = Bjgm1- (9.21)
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Contracting (9.19) with v/, we obtain a Bianchi identity for R, = Rjiklvj.
Ry + Rl + R g = 0. (9.22)
Contracting (9.22) with v! yields

fom — Rip + R0t = 0. (9.23)

k;m

Let {w® := dx!, w™ := §y'} be the natural local coframe for H*TM &
V*T M. We obtain

{ Oy L

jS = ok U gy F;’}cfﬁn,}dxk Adz! — aar—;fdmk A Syl
Thus
i ‘Tj‘l M‘j‘k myi m i
iR Sk T gl + 50 — Dk, (9.24)
; ar’, 3G

Jkl Ay Ay dy* oy (9 5)

By the homogeneity of I', and (9.25), we conclude that

i

i i Ok
B, = Bjy = y =0

ik
oyt
Thus (9.13) simplifies to

. 1 .
Q= iRzk,dxk Adzt.

9.3 R-Quadratic and R-Flat Sprays

A spray is said to be R-quadratic if R, is quadratic in y, namely, in local co-
ordinates, R} (y) are quadratic in y € T, M, equivalently, R;';,(y) are functions
of x only. This is also equivalent to that R}, . (y) = 0. Note that any affine
spray (B = 0) is R-quadratic. However, R-quadratic sprays are not necessar-
ily Berwaldian as shown by Theorem 9.3.3. By definition, a spray is said to
be R-flat if R = 0. In this section, we will study the Berwald curvature of

R-quadratic and R-flat sprays.

Proposition 9.3.1 Let (M, G) be a spray space. Suppose that G is R-quadratic.
Then the Berwald curvature B is parallel along geodesics. More precisely, for
any geodesic ¢(t) in M and any parallel vector field V (t) along c, the following
vector field

B(t) := Bewy (V(2),V(2), V(1)) (9.26)
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is parallel along c, and the following function
E(t) := Eey (V(1), V(1)) (9.27)

18 a constant along c.

Proof: In local coordinates, let V (t) = Vi(t)-2; and é(t) = d—””i(t) 9_. We have

Oz’ dt Oz’
;  dcP j & ! 0
D:B(t) = Bjy,— OV OVEOV () 55l (9.28)
dt ox
/ 1., dc j I
It suffices to prove that B;kl;mym = (0. By assumption
lekl-m - ayjm - 0
It follows from (9.20) that
]Z‘ml;k = B;'km;l' (9.30)
Contracting (9.30) with y? and using the fact le;.kl = 0, we obtain
B;'ml;pyp = B;'pm;lyp = (B;'pmyp)ﬂ =0. (931)
Thus B(t) is parallel. From (9.31), we immediately obtain
Ej,y? = 1Bm P =0
jlipY" = 5 JmlpY = Y-
This implies that E(t) = constant. Q.E.D.

For further study on the Berwald curvature, we need the Ricci identities for
the Berwald curvature B. Differentiating (9.18) yields

1 . . . .
1 1 m s 1 1 m n+s
5( jklym;s — Bjkl;s;m)w ANw™ + (Bjkl;m~s - Bjklus;m)w ANw

1 . .
+§( ;’kl-mus - B;‘kl~s-m)wn+m A wn+s
= B, + B;MQJ.” + B, Q00 + B}, Q" — Bfklnp".
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We obtain
;’kl~m;s = ;’kl's -m Bjle;)mS
+B, leij + szlBkms + BjkpBlpms
B;'kl;m;s = B;’kl'S'm + B]kl pR Bfklszms
+Blkle ms + szle ms jkpRlpms‘
For simplicity, let
B;'klm = Bjkl -m> B;klm = B]kl m*
Define
N . i jok, l.m 9
By(’U,,U,U),Z) - Bjklm(y)u vwz @Lﬁ
> . i jok, l.m 0
By(’U,,U,U),Z) . Bjklm(y)u vwz @Lﬂ
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(9.32)

(9.33)

These two quantities play an important role in the study of R-flat sprays.
Clearly, By (u,v,w,2) is symmetric in u,v,w,z € T, M. This fact follows
from (9.21). From (9.20) we see that if G is R-quadratic, then By (u, v, w, z) is

symmetric in u,v,w,z € T, M, too.

Rewrite (9.32) and (9.33) as follows

i R i
Bjklm;s Bjkls m B]lepms
i i i P
+B lejms+BplBkms +B Blms
Dt 4 p %
Bjklm;s B]kls m + BjklpR B]klRp ms
i % p
+B kle ms + B; lek ms ]kpRl ms*

First we assume that G is R-quadratic. Rewrite (9.31) as
Blimy™ = 0.
(9.36) implies
B;kls-mys = [B;'klsys]'m - B;’klm = _B;klm'
Contracting (9.34) with y® and using (9.37), we obtain
B;:klm;sys = - 7;:klm'

So far we have only used the condition G be R-quadratic.

(9.34)

(9.35)

(9.36)

(9.37)

(9.38)
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From now on, we assume that R = 0. Then (9.35) simplifies to

B;'k:lm;s = 7;'kls;m . (939)
Contracting (9.39) with y® and using (9.36), we obtain
B;"klm;s:l/S = B;kls;mys = [B;klsys];m =0. (9.40)

Proposition 9.3.2 Let (M, G) be a spray space with R = 0. For any parallel
vector field V (t) along a geodesic ¢, the following vector fields

B(t): = Bepy(V(1),V(),V(1),V(?)
B(t): = Bey(V(®),V(1),V(t), V(1)
must be in the following forms

B(t) = E(t)
B(t) = —FE\(t)t+ Ex(t),

where E1(t) and E2(t) are two parallel vector fields along c.

Proof: Let é(t) = y'(t) 22 o It follows from (9.38) and (9.40)
c(t
_ _ ) o
D:B(t) = ﬁwmfawamﬂmv%wmuwﬂdwzm (9.41)
. - . o _
D:B(t) = lﬁmmwyﬂﬂv”@N”KﬂV%ﬂV”%ﬂawidw==—BG)(942

(9.41) implies .

B(t) = Ey(t)

is parallel along c. Take a parallel frame {P;(¢)}? , along ¢ with E1(t) = a1 P (t)
for some constant a;. Express

Equation (9.42) implies

K3
%(t) = —a101;
We obtain
FHt) =—ayt+by,  f(t) = ba,
where a = 2,---,n. Let
Es(t) := b; Pi(t)
We obtain

Q.ED.
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Example 9.3.1 Consider the following spray on a manifold M

G:=y'55 —2P@y)y 3y

where P satisfies the homogeneity condition P(Ay) = AP(y),VA > 0. A direct
computation yields

Ry = (P* =y Py )oi + (2P — PPy — Py )y (9.43)
We claim that R = 0 if and only if P satisfies
P, = PP,.. (9.44)
First we assume that (9.44) holds. By the homogeneity of P, we obtain
Y Py =P, y P, =0.
Thus

y'P,i =y PPy = P?

2P, — PPy —y Poiyn = 2PPyu — PPy — y/ [PPyi]
PPyk — yijj Pyk — y]PPyjyk
PP, — PP —0=0.

We conclude that R}, = 0. Now we assume that R} = 0. It follows from (9.43)
that ‘
P2 —yiP,; =0 (9.45)

and '
2Pmk - PPyk - y]ijyk =0. (9.46)

By (9.45), we obtain
Y Ppiye = [y Poilyr — Pox = [P?]yx — Pyv = 2PPyc — P
Plugging it into (9.46) yields
0=2P,x — PPy — [2PPx — Pyx] = 3(P,x — PPy).
Thus (9.44) holds. il

We see that (9.44) is same as (2.41). Thus there are lots of homogeneous
functions satisfying (9.44). The above example leads to the following

Theorem 9.3.3 There is a non-trivial R-flat spray on any strongly convex do-
main in R", whose geodesics are straight lines.

There are many other R-flat sprays.
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Example 9.3.2 Consider the following spray on R3.

0 0 0 5 0 5 0 5 0
G=u— — — =2 22— 2b(y)v®=— — 2 R 4
um- + Uay + wa- a(z)u 5 (y)v 50 c(z)w 5w (9.47)
Clearly, B = 0. According to Example 8.1.2, we know that R = 0. Hence G is
locally flat by Proposition 8.1.6. i

At the end, we take a look at the Berwald curvature of an isotropic spray. By
definition, a spray is isotropic if in a standard local coordinate system (z?,y*),
the coeflicients R%(y) of the Riemann curvature are in the following form

Ri.(y) = R(y)d; + 7 (y)y", (9.48)
where 7 (y) satisfy
m()y" = —R(y). (9.49)
By (8.16) and (8.17), we obtain
i 1 i i i i i
Ry = 3{3-151; — R0 + 6] — i), + (Tht — TL1)Y }
Ry = 3{(%1 = Rj)of — (1.5 — Ruj)dy,

+(Tk-l — Tl-k)(S; + (Tk-l-j — Tl.k.j)yi}
Contracting (9.20) with y* gives
B;:ml;kyk = Rjikbmyk = (Rjiklyk)m - Rjiml'

Observe that
Thtem¥y® = —Riom = Toom — T,

and
Rt + Thjomay® = —(Tz-j-m + Tjm + Tm-l-j)~

By the above identities, we obtain

. 1 . . .
B;ml;kyk = E{Tk~j~1yk5fn + Tk.j.myk6f + Tk.l.mykd;
+ (Rt + Thgomay" '} (9.50)
By (9.50), we obtain a formula for the mean Berwald curvature coefficients
Ej = %Bﬁnl )
n+ '
Ejl;kyk = TTk-j-lyk- (951)

The above identities will be used later.



Chapter 10

Structure Equations of
Finsler Metrics

Sprays induced by Finsler metrics are much more special. In this case, we have
not only the fundamental tensor, but also the Cartan torsion and the Landsberg
curvature. In this chapter, we will study the relationship among these quantities.

10.1 Ricci Identities for g

Let (M, L) be Finsler space. In each fiber VI'M,, of the vertical tangent bundle

VI'M = span{a%l, R %}, define a bilinear symmetric form g, by
0 0
gy(a_gﬂ|y’8—gﬂ|y) =i (y), (10.1)

where g;(y) := §Lyi,i (y). We call g = {gy}yeran o} the fundamental tensor.
We can also define other important tensors on VI M.

0 0 0
C(a_yi|ya @ba a—yk|y) : o= Cir(y),
0 0 0
L(a_y,'|ya @ba a—yk|y) : = Lir(y),
where Cj;, and L;ji, are the coeflicients of the Cartan torsion and the Landsberg
curvature. We also call C and L the Cartan torsion and the Landsberg curvature,
respectively. Similarly, we can define the Berwald curvature B as a tensor on
VT M.
Take a natural local coframe {w® = dz'} for H*TM. Let

i _ i gk
w;' =1 de

143
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denote the corresponding Berwald connection forms. Equation (6.30) is equiv-

alent to
dgij — grjw;* — ginw;* = —2Lijrw" + 200",

Define g;j; and gij.r by

k k _ k k
dgij — grjw;" — JikW;" = GijikW" + gij.kw”“‘ .

This gives
Gijik = —2Lijk, Gij-k = 2Cjk-
Define Cijk;l and Cijk~l by

p p P __ l n+l
dCiji — Cpjrw;” — Ciprw;” — Cijpwy” = Cijraw + Cijraw™ ™.

Similarly, we define L;jr; and Lijg.q.
Differentiating (10.2) yields the following Ricci identities for g.

—gpjﬂip - g,'ijp = 2L¢jk;lwk Awt + 2L,’jk.lwk Awt

+2Ci50w" A w4 2C510w0"TF A W4 205,07

It follows from (10.5) that

1 1
Lijkyg — Lijik = _§9m‘Ripm - §gipijm - Ciijpkb
1 1
Cijik + Lijk1 = igm‘Bfm + 591‘1)3;')14”
Cijk1 — Cijix = 0.

Proof of Proposition 8.2.1: Contracting (10.6) with y? and y/ yield
y'gip R, = 0.

Then contracting (10.6) with y* and y!, we obtain

1 1 .
0= §gij£ + §ylgipijklyl.

Using (9.9), (10.9) and (10.10), we obtain
gy, = _yigiPijklyl
= Y'gip (Rkplj + Rlpjk)yl
= _yigikapjlyl
= gkpR;).

This gives (8.57).

(10.2)

(10.3)

(10.4)

(10.5)

(10.9)

(10.10)

Q.ED.
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We continue to derive other important identities. Recall (6.27)
- 1 s BM™
ijk — _iy GsmBDijp-
Contracting (9.20) and (9.21) with 1y°g;s also yield

1

Lijka — Lijie = §ysgpsRipkl.j, (10.11)

1 1
Lijk-l - Lijl~k = §ngijl - igplejk. (1012)

Contracting (10.6) and (10.11) with 3 yield
Liywy' = —CipRl— LguiR7 ol — Lo R 4 10.13
ijkly = ijpdiy, 2917] i k1Y 2gzp i kY (10.13)
1 S

Lijk;lyl = Ey ylgpsRipkl.j- (1014)

The right hand sides of (10.14) and (10.13) are equal. Contracting (10.7) with
y’ yields

1 )
Ljr = _iymgimB;‘kl : (10.15)

This is our definition for Lz in (6.27). Contracting (10.7) with y* yields

Lijk = Cijray'. (10.16)
(10.16) is nothing but (6.31).
It follows from (10.7) that
9ok B + 9jp Bigy = 2Cjktsi + 2Lt (10.17)
9By + 9kpBly = 2Cikj + 2Lijka- (10.18)

(10.7) + (10.18) - (10.17) give rise to
Bg)kl = giP{Ciﬂ;k + Cikl;j — Cjkl;i + Lijk-l}- (10.19)
Thus the horizontal covariant derivative of the Cartan torsion and the vertical

covariant derivative of the Landsberg curvature determine the Berwald curva-
ture.

Define
C,(u,v,w,2): = Cijra(y)uviwz!, (10.20)
C,(u,v,w,2): = Cypa(y)uiviwkz!, (10.21)
Ly(u,v,w,z): = Lijk;l(y)uivjwkzl, (10.22)
Ly, (u,0,w,2): = Lijri(y)u'vIwk 2!, (10.23)
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where u = ui%h, etc. In the following sections, we will show that these four
quantities take very special forms along geodesics in a Finsler space of constant
curvature.

We can also characterize Berwald metrics by C = 0. More precisely, we have

the following
Lemma 10.1.1 For a Finsler metric, B = 0 if and only if C = 0.

Proof: Suppose that B = 0. By (10.15), L = 0. Then (10.7) implies C = 0.
Now suppose that C = 0. It follows from (10.16) that L = 0. Then (10.19)
implies that B = 0. Q.E.D.

It follows from (10.3) that

97, =29"¢" Loy, 97, =—-29"¢" Csp. (10.24)

)

By (10.24) we obtain

99 C = [gijcijl]k - ijlgij;k = I, — 2C359" 9" Ly, (10.25)

97 Lijpq = [gijLijk} L Lijkgij.l = Jit + 2Lijrg" g’ Csu,  (10.26)

where I; := ¢g’*Cjji, and J; := ¢?* L;j1, denote the coefficients of the mean Cartan
torsion and mean Landsberg curvature respectively.
From (10.19), (10.25) and (10.26) it follows that

1 .. 1

Ey = igm{cijl;k + Lijk-l} = 5{ Lk + Jk-l}- (10.27)

Thus the mean Berwald curvature of a Finsler metric is determined by the hori-

zontal covariant derivative of the mean Cartan torsion and the vertical derivative

if the vertical covariant derivative of the mean Landsberg curvature.
Contracting (10.25) with y* yields

Ly® = . (10.28)
Define

L, (u,v) := I, (y)u'v? (10.29)

where u = u’52|, and v = v/ 5% |,. We have the following

Lemma 10.1.2 For a Finsler metric, if I =0, then E = 0.
Proof: By assumption, Ij; = 0. It follows from (10.28) that J; = 0. Hence
Jr1 = 0. We conclude that E = 0 by (10.27). Q.E.D.

Lemma 10.1.2 indicates that if the mean Cartan torsion is constant hori-
zontally, then the mean Berwald curvature vanishes, and the Finsler metric is
weakly Berwaldian.
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10.2 Ricci Identities for C and L
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In this section, we are going to derive some important identities for the second
order covariant derivatives of the Cartan torsion and the Landsberg curvature.
These identities are useful to study R-flat Finsler metrics and Finsler spaces of

constant curvature.

Differentiating (10.4) yields

Cpik " + Cipk QP + Cijp QP = Cijrme’ Aw™

+Cijktm@ AW — Cijpomaw! Aw™™ (10.30)
—CijlmaW™ T A W™ — Oy OF. (10.31)
We obtain two Ricci identities
Cijktsm — Cijtsma = Cpjx R, + Cipp R},
+Cijp Ry 1y + Cijrp R, (10.32)
Cijemit = Cijktm = Cpju By + Cipk Bl + CijpBlyy,  (10.33)
Cijtom1 — Cijkaom = 0. (10.34)
Contracting (10.32) with 4™ and using (10.16) yield
Cijk;l;mym = Lk + ijkRipl + Cikajpl
+CijpRy" + Cijip By (10.35)
where Rjil = Rjilmym. Warning: Rjil are different from Rijl =R} gy
Contracting (10.33) with 3! and using (10.16) yield
Cijkm;lyl = —Cijk;m + Lijem- (10.36)
Similarly, we obtain the Ricci identities for the Landsberg curvature.
Lijkjsm — Lijksmy =  LpjrR.5,, + Likajplm
+Lijp By 1y + Lijhp Bl (10.37)
Lijkmit = Lijistm = LpjrBijy, + Lipk Bl + Lijp By, (10.38)
Lijkm1 — Lijkam = 0. (10.39)
Contracting (10.37) with y™ yields
Lijka;my™ = [Lijk;mym];l + Lijk-pr
+Lpjk R, + Liph R, + Lijp R}, (10.40)
where R,?, := R}, y™. Contracting (10.38) with y' yields
Lijemay' = [Lijkat'lm — Lijhim- (10.41)
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10.3 R-Quadratic and R-Flat Finsler Metrics

In this section, we will study R-quadratic and R-flat Finsler metrics. R-flat
Finsler metrics are much more special than R-flat sprays, especially on a com-
pact manifold. We first study the case when the Finsler metric is R-quadratic,
namely, R, is quadratic in y € T, M for all z € M.

Proposition 10.3.1 Let (M,L) be a Finsler space. Suppose that L is R-
quadratic. Then for any geodesic ¢(t) and any parallel vector field V (t) along ¢,
the following functions

C(t) = Co(V(E, V), V(H), L) =LV, VD, V() (1042)
must be in the following forms

L(t) = L(0), (10.43)
C(t) = L(0)t+ C(0). (10.44)

Proof: In local coordinates, let ¢(t) = y'(t) 52 and V(t) = V(t) 2.

L'(t) = Lijksmy™ VI ()VF () V! (2). (10.45)

By assumption, R] wr.m = 0. It follows from (10.14) and (10.16) that
Lijkayt = 0, (10.46)
Cijkay' = Lij. (10.47)

By (10.46) and (10.47), we obtain

L'(t) = Ly OV OVIOVEE) =0,
C'(t) = Cury' OV OV (OVE()
= LiV'OVI)VE(E) = L(t).
Then (10.43) and (10.44) follow. Q.E.D.

Theorem 10.3.2 Let (M, F) be a positive definite R-quadratic Finsler space.
Suppose that M is compact or F' is positively complete with bounded Cartan
torsion. Then F' must be a Landsberg metric and the Cartan torsion is constant
along any geodesic.

Proof. For an arbitrary unit vector y € T, M and an arbitrary vector v € T, M,
let ¢(t) be the geodesic with ¢(0) = y and V(¢) the parallel vector field along ¢
with V(0) = v. Define C(t) and L(t) as in (10.42). Then

C(t) = L(0)t + C(0).
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Suppose that C is bounded, i.e.,

~

C,(v,v,v
IClli= sup 1Cut:2:0)

yeTM [gy(v,v)]

< 0.

rofes

By Lemma 7.3.2,
Q = gery (V (1), V(1))

is a positive constant. Thus
3
) < IC)Q? < .
and C(t) is a bounded function on [0, 00). By (10.44), we conclude that
L,(v,v,v) = L(0) = 0.
Therefore L = 0 and F' is a Landsberg metric. Q.E.D.

The reader is referred to [BaMa5] and [BaMa6] for some results on the local
geometric structure of R-quadratic Finsler metrics. In the above mentioned
papers, the authors do not assume that the Finsler metrics are positive definite.

Now it is clear that for a positive definite Finsler metric F' on a compact
manifold M, if F'is a Berwald metric, then it is R-quadratic; if F' is R-quadratic,
then it is a Landsberg metric. An open problem in Finsler geometry is whether
every Landsberg metric is a Berwald metric.

Corollary 10.3.3 For any positively complete Randers metric F = a+ 8 on a
manifold M, if F' is R-quadratic, then it must be a Berwald space.

Proof: First we know that the Cartan torsion of F' must be bounded. In fact,

3
Cll < —.
ICIl < 7
By Theorem 10.3.2, F' is a Landsberg metric. Hence F' is a Berwald metric by
[Ma2] [Halcl] [SSAY] [Ki]. Q.E.D.

In [BaMa6], Bacsé and Matsumoto classify R-quadratic Randers metrics.
Their results indicate that there might be local R-quadratic Randers metrics
which are not of Berwald type.

For a submanifold M in a positive definite Minkowski space (V, F'), the
Cartan torsion is always bounded. Then we obtain the following

Corollary 10.3.4 For any positively complete submanifold M in a positive def-
inite Minkowski space (V, F), if the induced Finsler metric is R-quadratic, then
it must be a Landsberg space.
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According to Corollary 10.3.4, any positively complete R-flat submanifold in
a Minkowski space is a Landsberg space. We will prove that it must be locally
Minkowskian space. See Corollary 10.3.8.

Now we discuss R-flat Finsler metrics. According to Theorem 9.3.3, there
is a non-trivial R-flat spray G on any strongly convex domain 2 in R™, whose
geodesics are straight lines. Since R-flat sprays are isotropic, by a theorem of
Grifone-Muzsnay [GrMu], we conclude that G is locally Finslerian. Namely G
is locally induced by a Finsler metric L. Therefore, we have the following

Theorem 10.3.5 There is a non-trivial R-flat Finsler metric in an open subset
in R™, whose geodesics are straight lines.

The spray of the Finsler metric in Theorem 10.3.5 is given by

G=y' e 2F (y)y' oy (10.48)

where F'is the Funk metric on a strongly convex domain {2 in R®. When (2 = B”
is the standard unit ball, the Funk metric F' is given by

Wz (o — o)
=P D

y € T,B" =R",

where | - | and (,) denote the standard Euclidean norm and inner product re-
spectively. Is there a Finsler metric on the whole unit ball B” that induces the
above spray in (10.48) ? If any, can it be expressed by elementary functions ?

Next, we are going to study general properties of R-flat Finsler metrics.
Recall the definitions of C, C, L and L in (10.20)-(10.23). C, is symmetric.

But Cy, L and L are not symmetric. Nevertheless, C y(u,v,w, z) is completely
determlned by C (v v,v,w). The same is true for L, and L.

Let ¢ be a geodesic and V(¢ ) W (t) be parallel vector fields along c. Set

Ct): = Cupy(V(H),V(®),V(1),W(), (10.49)
Clt): = Cupn(V(),V(®),V(t),W(2)), (10.50)
L(t): = Le (V( ),V (), V (1), W(2)), (10.51)
L(t): = Len(V(1),V(0), V() W(2). (10.52)

Proposition 10.3.6 Let (M ) e a R-flat Finsler space. For any geodesic c
and any parallel vector fields V(t) and W (t) along c, the above defined functions
C(t), C(t), L(t) and L(t) satisfy

C(t) = L(0)t+C(0), (10.53)
Ct) = -L(0)*+ (L(0) — C(0))t + C(0), (10.54)
L(t) = L(0), (10.55)
L(t) = -L(0)t+L(0). (10.56)
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Proof: 1t follows from (10.35) and (10.36) that
Cijkit;my™ = Lijry,
Cijkmayt = —Cijkim + Lijkom.

Since R = 0, by (10.14), we know that L;j;,y' = 0. Thus (10.40) and (10.41)
simplify to

Lz’jk:l:mym = 0,
Lijk1;my™ = —Lijky-

The above four identities imply

C'(t) = L),
C'(t) = —C(t)+L(t),
L@ = o
L'(t) = -L(t).
Solving the above system of ODEs, we obtain (10.53)-(10.56). Q.E.D.

By Propositions 10.3.1 and 10.3.6, we immediately obtain the following im-
portant theorem which slightly generalizes a result by Akbar-Zedah [AZ2]. Com-
pare Theorem 10.3.2.

Theorem 10.3.7 Let (M, F) be a positive definite R-flat Finsler space. If F
is positively complete and satisfies the following two conditions

(i) C is bounded or L =0,
(i) C is bounded,
then it must be locally Minkowskian.

Proof: Take an arbitrary geodesic c(t) and a parallel vector field V(¢) along c.

Define C(t), C(t), L(t) and L(t) as above. Suppose C is bounded. First, by
Theorem 10.3.2, we have L(0) = 0. (10.54) simplifies to

C(t) = —C(0)t + C(0).

Since C is bounded, we conclude that

C(0) = 0.

Since both ¢(t) and V(t) are arbitrary, we conclude that C = 0 everywhere.
Therefore, F' is a Berwald metric by Lemma 10.1.1. By Proposition 8.2.4, F' is
locally Minkowskian space. Q.E.D.
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Corollary 10.3.8 Let (V,F) be a positive definite Minkowski space and ¢ :
M — (V,F) be a positively complete submanifold. If the induced metric F =
@*F is R-flat, then M must be locally Minkowskian.

Proof- It suffices to prove that both C and C are bounded. This is left to the
readers. Compare [Sh4]. Q.E.D.

Example 10.3.1 ([SSAY][YaSh]) Consider a Randers metric F' = a+ 3, where
a is a Riemannian metric and § is a 1-form with ||5]| := sup |B(y)|/a(y) < 1.
Yasuda-Shimada proved that F' is R-flat if and only if it is locally Minkowskian.
In this case, « is R-flat and f is parallel with respect to . Thus R-flat Randers
metrics are trivial® #

IThis result is fale without additional assumption that the Randers metric is positively
complete. There is a non-trivial incomplete R-flat Randers metric.



Chapter 11

Finsler Spaces of Scalar
Curvature

By Definition 8.2.3, a Finsler metric is of scalar curvature if the Riemann cur-
vature is in the following form

R, (u) = \p) {9 9) u — 9, (y,0) y}. (11.1)

According to Lemma 8.2.2, a Finsler metric is of scalar curvature if and only if
the induced spray is isotropic. Thus a Finsler metric of scalar curvature may
be also called an isotropic Finsler metric. In this book, we will still use the
traditional terminology.

There are many complete and incomplete Finsler metrics of scalar curvature.
In dimension n > 3, a Riemannian metric is of scalar curvature if and only if
it is of constant curvature. See Proposition 11.1.1 below. For a Finsler metric
on an open subset 2 C R", if the geodesics are straight lines, then it must be
of scalar curvature. The Funk metrics in (2.40) and the Klein metric in (2.45)
are actually of negative constant curvature. The spherical metrics in (2.32) and
(2.36) are of positive constant curvature K = 1.

In this chapter, we will discuss some basic properties of Finsler metrics of
scalar curvature.

11.1 Finsler Metric of Scalar Curvatures

Let (M, L) be a Finsler space. For a flag {P,y} in T, M, where P C T, M is a
tangent plane containing y, the flag curvature K(P,y) is defined by

KB = 0 D00 ) — 9y, Wy ,)

where u € P such that P = span{u,y}. We know that F is of scalar curvature if
and only if there is a scalar function A(y) on T'M such that for any y € T, M\ {0}

153
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and any tangent plane P C T, M containing y,
K(P,y) = Ay).

By Lemmas 8.1.10 and 8.2.2, we know that every two-dimensional Finsler metric
is of scalar curvature \(y) and the Gauss curvature K(y) = A(y). When the
Finsler metric is Riemannian, the Gauss curvature is a scalar function on M.
This fact is left for the reader to verify.

Example 11.1.1 Consider a pseudo-Riemannian metric L on an open subset
U C R?,
L := —a(z,y)u’ + c(z,y)v?, (11.3)

where a(z,y) and ¢(z,y) are positive C* functions on &/. An easy computation
gives

K= g l(55). - (22)) i

Note that K is a scalar function on U. il

Let ¢ : (a,b)xS' — R? be a surface of revolution around the third coordinate
line in R3
o(z,y) = (f(rv) cosy, f(z)siny, a:)
R? is equipped with the following pseudo-Euclidean metric

g:uz—i—UQ—wQ.

The induced Finsler metric L on M? := (a,b) x S! under ¢ is given by
L= —(1 - f'(w)z)u2 + f(z)*%
If |f'(x)] < 1, L is a pseudo-Riemannian metric. If |f'(z)] > 1, L is a Rie-

mannian metric. In either case, the Gauss curvature K at p = (z,y) is given
by

K = (@) . (11.5)
f@)|1 - f()]

(i) Take
fl@)=+v1+ 22
The resulting metric has Gauss curvature K = 1.

(ii) Take
f(x) =az+0b, a#=xl.
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The resulting metric has Gauss curvature K = 0. Note that when a = %1, the
induced metric on M? is degenerate.

(iii) Take a function f satisfying

2
(@) + f@)1- f@?] =0, (11.6)
with
fO)=1,  f(0) # +1.
The resulting metric has Gauss curvature K = —1. The above surfaces in R3
look like
K=1 K=0 K=-1
We see that a surface of constant curvature K = 1 in (R3,g) is curved as a
surface of curvature K = —1 in the Euclidean space R®. Compare Example
11.3.3 below.
Let
flz)=vz2 -1, |z| > 1. (11.7)

One can easily verify that f(z) is a solution of (11.6). The induced metric L on
the surface is given by

1

L:mz_

1u2 + (2 — 1)v%.

L also has Gauss curvature K = —1. This surface in R? looks like
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This hyperbolic surface was discovered by Beltrami in 1868.

Example 11.1.2 Consider a Randers metric F' = « +  on a manifold M,
where « is a Riemannian metric and (5 is a close 1-form. According to Example
8.2.1, F' is of scalar curvature if and only if « is of scalar curvature (constant
curvature when n = dim M > 3). il

Assume that a Finsler metric L is of scalar curvature A = A(y). So the
Riemann curvature is in the form (11.1). In local coordinates, (11.1) is expressed
as follows

Ri () = \){ LWk — g5 W)y }- (11.8)

For simplicity, let
)\-i = )\yi, )\1_7 = )\yiyj, Tty

and
L.;:= Ly = 2g;5y°.
Let 1 1
hij == gij — EL%'L'J' =9ij — zgisys gy’ (11.9)
and

. . | ) 1 Y
hj = g"hip =8 — 5Ly =05 — 795sy° y"-

We are going to apply Bianchi identities (9.19)-(9.23) to study a Finsler
metrics of scalar curvature A = A(y). We show that in dimension > 3, if, in
addition, A = A(z) is a scalar function on M, then A must be a constant.

Plugging (11.8) into (8.17) gives

. Al ) Ak S . .
Ry = =Lk —“FELh+ TJ{L.“S; - L.kaf}
Jr?{L.ja;c — ginyt — iL.MS}} - ?{L.ﬂsz — gy — §L.l6;-}

+/\{9ﬂ5i - gjkaf} (11.10)
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Contracting (11.10) with y7 yields

S VIS W | . .
Ry = ZHL b — SEL b+ §A{L.l5; - L.kag}. (11.11)

Differentiating (11.11) along the direction y™ %= yields

/\k;mym
3

/\-l;mym

3 L hi —

Riymy™ = Lhi+ %A;mym{L.,ag - L.k(s;'}. (11.12)
Differentiating (11.8) along the direction 56? yields
Ry = ML hi,. (11.13)
Plugging (11.12) and (11.13) into (9.23), we obtain
AiL hi — AL i — %/\;mym{L.l(S,’; - L.kaz'}

/\k;mym

— /\-l;mym

3 L hi — Lhi.  (11.14)

Now we assume that A\ = A(x) is a function of z only. Then \.; = 0 and
(11.14) simplifies to

. . 1 . .
AoL Bi — AL B — —)\;mym{L.léfc - L.kag} =0. (11.15)

2
Suppose that n = dim M > 3. Fix a vector y € T, M with L(y) # 0. There

are two non-parallel vectors u,v € T, M which are g,-orthogonal to y, i.e.,

Lyu* = 0= Lo". (11.16)
Contracting (11.15) with «* and v yields

(W' A\ L) v = (uF A, L) v'.

We conclude that for u € T, M with g,(y,u) = 0, the following holds

d\(u) = A put = 0. (11.17)

By the continuity of A, we conclude that (11.17) holds for any u € T, M. This
proves the following

Proposition 11.1.1 Let (M, L) be a Finsler space of dimensionn > 3. If L is
of scalar curvature A = A\(xz) depending on position only, then A(x) = constant.
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Next, we are going to give a brief argument on Numata’s theorem that any
Landsberg metric of scalar curvature in dimension > 3 must be Riemannian on
the open subset of M where the curvature scalar A\(y) # 0.

Contracting (11.10) with ¢’ yields

: 2 | . 1 1 )
i L 2y i i - LA S
1 . .
+A{§L.jag —gjkyl}. (11.18)

Plugging (11.18) into (10.13), one obtains

A A A
Lijray' = —?lL hjx, — ?]L hir, — ?kL hij — ALCjjk. (11.19)

From now on, we assume that L is a Landsberg metric. (11.19) reduces to
1
Cijk = _3_)\{)\-ihjk + )\~jhik + )\khm} (11.20)

Contracting (11.20) with g7* yields

1
il (11.21)

Ci=-=33

where C; := ¢g/¥Cjj,. Substituting (11.21) back to (11.20), we obtain

1
Cijk = m{clh]k + thik + Ckhzj} (11.22)
Thus L is C-reducible in the sense of Matsumoto [Mal]. In other words, any
Landsberg metric of scalar curvature A(y) # 0 must be C-reducible. When
n > 3, L is actually Riemannian.

Proposition 11.1.2 ([Nu]) Let (M, L) be a Landsberg space of dimension > 3.
Suppose that L is of scalar curvature X # 0. Then L is Riemannian.

S. Numata first proved the proposition for Berwald spaces of scalar curva-
ture. Then he proved the proposition for Landsberg space of scalar curvature
based on a result of M. Matsumoto on C-reducible spaces [Mal].

What happens when R = 0 for a Finsler metric L in Proposition 11.1.2
? According to Theorem 10.3.7, if, in addition, L is positively complete and
positive definite, then it is locally Minkowskian, provided that C is bounded.
Finsler metrics constructed based on Proposition 8.2.7 or Theorem 10.3.5 are in
general R-flat non-Landsbergian metrics. A natural question is whether or not
there is a Landsberg metric on R™ with R = 0, which is not locally Minkowskian.
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Note that all two-dimensional Finsler metrics are of scalar curvature. In
dimension two, Numata’s theorem might not be true. Assume that L a two-
dimensional Berwald metric. Then the Gauss curvature K satisfies a special
equation along the indicatrix at each point. If L is positive definite with K # 0,
one can see that the main scalar must be zero. Thus, L is Riemannian. This
fact is due to Z. Szabé [Sz1]. Refer to Proposition 6.1.6. See also [BaChSh1] for
a proof. Note that if K = 0, then L is locally Minkowskian.

Anyway, we still do not know whether or not there is a (two-dimensional)
Landsberg metric which is not Berwaldian ! Is there a non-trivial two-dimensional
R-flat Landsberg metric? We do not have any clue yet.

Let L be a Finsler metric of scalar curvature A(y). Differentiating (11.10)

with respect to y™ gives a formula for R] wl-m €xpressed in terms of A and its

derivatives. Contracting R] el = Bjm, k B]km;, with y*, one obtains
Bluwy® = 20Ciimy’ (11.23)
A 1 .
—?{2 200+ 2L m0) — 2gzmyl}
A 1 . .
31 { Lol + g Lmdj — 2gjmy’}
Am i Lo oo i
=Gt + 5L~ 200}
Ajom 7 i Ajid i Adm
- Lhj—==Lh Lhz 11.24
where hz = 5; y%. Tt follows from (11.24) that
n+1¢1 1
Ejl;kyk = — 5 {5/\].[41 + 5/\[.[4] + /\-j-lL}~ (1125)

One can also derive (11.24) and (11.25) from (9.50) and (9.51) respectively by
taking R = AL and 7, = —$AL.;.

Assume that L is of scalar curvature A = A(z) depending on z only (Note:
A = constant when dim > 2 by Proposition 11.1.1). In this case, (11.19), (11.24)
and (11.25) simplify to

Lijksmy™ = —ALCiji, (11.26)
Eijmy™ = 0, (11.27)
Biymy™ = 2XCiuy’. (11.28)

The above identities will be used in the following section.
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11.2 Finsler Metrics of Constant Curvature

The local structures of Finsler metrics of constant curvature have not been
completely understood. The Funk metric F' on a strongly convex domain {2 C
R™ is non-reversible with constant curvature K = —1/4. The Funk metric F is
positively complete, while its reserve F'(y) := F(—y) is negatively complete. The
Klein metric F := $(F + F) is reversible and complete with constant curvature
K = 1. The Bryant metrics on S™ are non-reversible with constant curvature
K = 1. All of the above mentioned Finsler metrics are locally projectively flat.
Namely, at every point, there is a local coordinate system in which geodesics are
straight lines. See Chapter 13 for more discussion on the projective geometry
of Finsler spaces.

Let us take a look at a Finsler metric L = L(z,y,u,v) on an open subset

U C R? in the form )
= e )

where ¢ = ¢(x,y,§) is a function on U x R satisfying ¢¢e # 0. According to
Proposition 8.2.7, if ¢ satisfies (8.83), i.e.,

¢Jc ¢z§
¢, =0, ey =0, 11.29
Y ¢? (¢¢§§ )£ (11.29)
then the Gauss curvature K = 0. For a solution ¢ of (11.29), if
b= _ e
P

is not a polynomial of degree three or less in &, then L is not projectively flat.
There are many solutions ¢ satisfying the above conditions. Thus there are many
non-projectively flat R-flat Finsler metrics. But it is not clear whether or not
the resulting Finsler metrics are positive definite and regular in all directions.
See Remark 13.6.7 below.

Recently, Bao and Shen have constructed a family of Randers metrics on S3
of constant curvature K = 1. These metrics are not locally projectively flat.
The details are given in [BaSh2] and Example 11.2.1 below.

The classification of Finsler metrics of constant curvature is far from being
done. In this section, we are going to study the Cartan torsion, the Lands-
berg curvature and the Berwald curvature along geodesics in a Finsler space of
constant curvature A. We will also discuss some interesting examples.

For a number A € R, let

EmOAD i A >0

A

sa(t): = (t if A =0 (11.30)
by A f A < 0.
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1 if A =0 (11.31)
cosh(v—At) if A <O.

cn(t): =

{ cos(V/t) itA>0

Note that
(1) =exlt),  eh(t) = —dsa(0).

Thus both sy (¢) and cy(t) satisfy the following equation
Y (8) + My(t) = 0.
Let (M, L) be a Finsler space. Take a geodesic ¢(t). By Lemma 4.2.2,

d

ZILO] = G(L) =0.

Thus, L(¢(t)) = 0 is a constant. But this constant might be zero or negative in
the case when L is not positive definite. Take an arbitrary vector field V = V (¢)
along c. Let

Ct): = Cupn(V(®),V(#),V(?),
L(t): = Lgoy(V(®),V(@),V(),
E(t): = Equn(V(1),V (1)),

B): = Bey(V(#),V(1),V(?)

C(t) and L(t) are functions of ¢t and B(t) is a vector field along c.
Our first result is as follows.

Proposition 11.2.1 Assume that (M, L) is a Finsler space with constant cur-
vature A. Then for any geodesic ¢ with L(¢) = § and any vector field V(t) along
c7

C(t) = asy(t) +bey, (1), (11.32)
L(t) = acy,(t) — Aobsy, (1), (11.33)
E() = e (11.34)
B(1) = 2 / (asn, (8) + bes, (1))t 1) + E(O). (11.35)
Here a,b,e are constants, A\, := X0 and E(t) is a parallel vector field along ¢
perpendicular to ¢(t) with respect to gg(t).
Proof: Tt follows from (11.26) that
ijl;kyk = _)\Lcjlm- (1136)

For simplicity, let
B'(t) :== D:B(t).
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By (10.16), (11.28), (11.27) and (11.36), we obtain the following system

(
C'(t) = L(t), (11.37)
L'(t) = —XC(t), (11.38)
E'(t) = 0, (11.39)
B'(t) 2AC(t)é(t). (11.40)
The proposition follows from the above equations. Q.E.D.

From Proposition 11.2.1, we immediately obtain the following

Theorem 11.2.2 ([AZ2]) Let (M, F) be a complete positive definite Finsler
space of constant curvature A < 0. If C does not grow exponentially, then F'is
Riemannian. In particular, any compact positive definite Finsler space (M, F')
with negative constant curvature must be Riemannian.

Proof. Take an arbitrary geodesic ¢ defined on (—o0, 00) with § = F'(¢) > 0 and
an arbitrary parallel vector field V' (¢) along ¢. By assumption A\, = \d < 0.
Define C(t) as above. By Proposition 11.2.1, we obtain

C(t) = asy, (t) + bey, (1).
Clearly C(t) is unbounded on (—o0,00) if @ # 0 or b # 0. By assumption,

C,(v,v,v
ICll= sup 1€y (v.v.0)] §)|
sronernt (g, (v,0)]3

This implies that .
IC(H)| < ICllQ> < oo,

where Q) = g:(V (t), V(t)) is a positive constant by Lemma 7.3.2, since V(t) # 0
is parallel along ¢. We conclude that a = b = 0 and C(t) = 0. Since the geodesic
¢(t) and the parallel vector field V () along ¢ are taken arbitrarily, we conclude
that C =0, i.e., L is Riemannian. Q.E.D.

From (11.34), we see that on a Finsler space of constant curvature, the
mean Berwald curvature is constant along geodesics. A natural question arises:
is there any non-trivial Finsler metrics of constant curvature with vanishing
mean Berwald curvature 7 So far, we have only found one example. First, by
Example 5.2.3, there exist a lots of Randers metrics on S* with S = 0. By
(6.13), such Randers metrics must satisfy E = 0. From this family of Randers
metrics with S = 0, we have found a special family of Randers metrics with
constant curvature K = 1. See Example 11.2.1 below.

Example 11.2.1 ([BaSh2]) On the Lie group Sp(1) = S°, there are three lin-
early independent right invariant 1-forms (', (2, ¢ satisfying

d¢t =22 N3, dCP =203 N, de® =2¢ A (11.41)
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Let
Gl= Gl GPi=d

and (;' = —¢;7. We obtain
¢t = ¢ A (11.42)

Fix an arbitrary constant k& > 1. Let {8 := Vk(',6% := (2,6° := (3} and
{b1,bs, b3} denote the frame which is dual to {6*,6% 6%}. Put

0, = VEG, 0, = —VEE, 02— (% - Vi) ¢ (11.43)

and 0]-" = —0,7. Tt follows from (11.42) that
o’ =67 NG’ (11.44)

Define a Riemannian metric o and a 1-form 8 on S® by

oly) =V TR rat, ) = %u,

where y = ub; + vby + wbz. Warning: a depends on k! Write 3 := b0 +
b260? + b303, where

vk
The covariant derivatives of 8 are defined by
db; — b;8,7 =: b;;67.
An easy computation gives
b11 =0, bi2=0, b3=0,

b1 =0, b2=0, byg=—-Vk—-1
b31 =0, bxp=vk—1 b33=0.

Now we treat a as a special Finsler metric, hence we go to the slit tangent
bundle T'S? \ {0}. Let

w' =T, wt =Tl

The same relationship between w? and wji as in (11.43) still holds. It follows
from (11.44) that . ' '
dw' = w! Aw,'". (11.45)

Note that {w,'} are just the Berwald connection forms of e on T'S? with respect
to {w!,w?,w3}. In order to define the covariant derivatives of a tensor on
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TS*\ {0} with respect to the Berwald connection of a, we need to expand

{wl,w? w?} to a coframe {w?!, w?, w3, w* W3, w8} as follows

W= dyt + ijji, 1=1,2,3,

where (y',9%y%) = (u,v,w) are functions on T'S® determined by y = ub; +
vbs + wbs. An easy computation gives

Wwtio= du—\/Eww2+\/va3

W= dv+(%—\/g)ww1—\/%uw3
6. dw—(%—\/g)vwl—}—\/%uwz.

€
Il

Since « is Riemannian, we have
) , 1
Q)" == dw;" — wjk Awy' = Eleklwk At
The Riemann curvature coefficients R, := R’ 47y must be functions of (y',4?,y%) =
(u,v,w) only.
R} =k(® +w?), Ry=—kuv, Rj=—kuw
R} = —kuwv R} =k(u?+w?) —4(k—Dw?,  R3=—(4-3k)ow
R} = —kuw Ry =—(4-3k)vw Rj=k(u®+v?) —4(k - 1)o°
Let
F:=a+p

F is a Randers metric on S®>. By Example 5.2.3 and (6.13), we see that F
satisfies
S =0, E=0.

Thus F' is weakly Berwaldian. But it is not Berwaldian, nor Landsbergian.

In what follows, we are going to compute the Riemann curvature of F'. Let
{e;}¢_, be the frame dual to {w'}¢_,. Note that {e;,e2,e3} is the horizontal
lift of {by, by, b3} and {e4, es5,eq} is the set of vertical tangent vectors on T'S3.
The spray G of a is a horizontal vector field in the form

G = ueq + ves + wes.
It follows from (5.28) that the spray G of F is in the form
G=G-2Q,
where Q = Q'es + Q%es + Q3eg is a vertical vector field on T'S? given by

1 oyt 1 1 oyt
Q' = §bjkyjykf + 504(511 - bu)yl - §Oé(bjz - blj)b]ylf;
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where (y!,v%,9%) = (u,v,w). A direct computation gives
Q'=0, Q*=-—Vk-1lwa, Q@Q>*=Vk-1va. (11.46)

Note that Q! are functions of (u,v,w) only. )
By Lemma 8.1.4, the Riemann curvature coefficients of G are related to that
of G by
Rl = R, + Hj. (11.47)

where '
H; = 2ka — Q?,w-y’ + 2Q’Q?j_k — Q?jQ?k. (11.48)

Here the covariant derivatives of Q with respect to a are defined by
dQ" + Q'w;’ = Qjw’ + Qhw™t.

. . . . . . ! . !

By a direct computation, we obtain
;11 =0, Q;lg = —VEkvVEk — 1 va, Q;13 = —VEkvVEk — 1 wa,
Qi:o, ;22:Vk_1uaa ;23: )

Q?l =0, ?2 =0, ?3 = VEkVEk — 1 ua.
Q-11 =0, Q-lz =0, Q-lg =0,
Q4= —VE—Tway, Qh=-VEi-Twa, Q%=-VE—1I/(a+way),
3 =Vk - 1oay, Q3 =VEk—1 (o +vay), 5 =Vk — Lvay.
1 2 3

Similarly, we obtain all formulas for Q?k;l and ka,l. We omit the details here.
Plugging them into (11.48) yields

H = VEVE — 1(1}2 +w2)uofl

HY = —VkvE-1v*va™?

H; = —VEVE =1 uv*wa™

H? = —(k—1)uv—\/E\/k—1(2u2+v2+w2)va_1
H} = (k-1 (u2 + 4w2) +2VEVE — 1 ua

H? = —4(k-1vw — VkVE — 1 wowa™!

H = —(k—1Duw— VEVE —1(2u? + v* + w?)wa ™!
H} = —4(k - 1w — VEkVE — 1 uwowa™!

H = (k=1 (u? +40?) +2VEVE =T ua
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We add R and H] together and find a simple formula for RZ,
Ri = kFQ{(S,@ - F—lejyi}

where (y',y%,4%) = (u,v,w). Thus F is of constant curvature K = k > 1.

Normalizing F', we obtain a family of Randers metrics F’' = ﬁF on S3 with

constant curvature K = 1. #

There are some other interesting Randers metrics of constant curvature.

Example 11.2.2 On the unit ball B” in R", the Funk metric is given by

lyl* = ([=l*ly]* — (2, v)?
F(y)::\/y ( ’ Y )+ (z,y)

1= faf? 1— |z
where | - | and (,) denote the standard Euclidean norm and inner product in
R"™. The Funk metric F has constant curvature K = —1/4. Moreover, F' is only

positively complete. The Cartan torsion C is bounded too. More precisely, at
any point x € B",

C,(v,v,v 3
ICl = sup S0l 3
yoeTM [gy(v,0)]2 T V2
Does this contradict Theorem 11.2.27 #

It is then a natural problem to classify all Randers metrics with constant
curvature. This problem was first studied by M. Matsumoto [Maz2], then by
Shibata-Shimada-Azuma-Yasuda [SSAY]. Finally, Yasuda-Shimada [YaSh] in
1977 successfully found a set of sufficient and necessary conditions on g for F
with constant curvature. Surely, the computation is very complicated. Many
years later, Shibata-Kitayama [ShKi] and Matsumoto [Ma6] verified their result
in a different approach for Randers metrics of constant curvature. Inspired by
Yasuda-Shimada’s result, Bao-Shen find the above family of Randers metrics on
S? with K = 1.

We continue to study Finsler spaces of constant curvature. Let (M, L) be a
Finsler space of constant curvature A. (11.18) simplifies to

Ry = A{gjzyl5,i - gjky"}. (11.49)
Plugging (11.36) and (11.49) into (10.35), (10.36), (10.40) and (10.41) yield

Cijrtmy™ = )\{Cjklgim + CirtGjm + CijiGem + Cijkglm}ym
+ALCijk1 + Lijiy, (11.50)
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Cijktmy™ = —Cijkg + Lijk1, (11.51)
Lijkimy™ = )\{ijlgis + Likigjs + Lijigks }ys

—ALCjjgy + ALLjjk.q, (11.52)
Lijeamy™ = —ALCjijpa — Lijig — 2XCijrgisy®. (11.53)

Let ¢ be a geodesic with
0 :=L(¢)

and V (t), W (t) parallel vector fields along ¢. Define C(t), C(t), L(t) and L(t) as
in (10.49)-(10.52). When V(t) = é(t) or W(t) = ¢(t), the above functions take
special forms. For simplicity, we assume that

getw (600, V(D) = 0= gagy (e(0), W (1))

It follows from (11.50)-(11.53) that

C'(t) = XC(t) +L(t), (11.54)
C'(t) = —C(t)+Lt), (11.55)
L'(t) = —XC(t)+ M\L(t), (11.56)
L'(t) = —\C(t)—L(t), (11.57)

where A\, := \d.
Luckily, the above system is solvable. The interesting case is when A, = 1.
Assume that A\, = 1. From (11.54)-(11.57), we obtain

C(t) = a sin(2t) + B cos(2t) +c, (11.58)
C(t) = —p sin(2t) + « cos(2t) +d, (11.59)
L(t) = -7 sin(2t) + a cos(2t) —d, (11.60)
L(t) = —a sin(2t) - cos(2t) + ¢, (11.61)

where «, 3, ¢ and d are constants. ~
From the above identities, we see that C(t), et al are periodic functions of

period 7 (not 27) along geodesics for any ge(;)-orthogonal parallel vector field
V(t).

11.3 Riemannian Spaces of Constant Curvature

One can easily show that for a Riemannian metric g on a manifold M, the
flag curvature K(P,y) of a flag {P,y} C T, M is independent of the direction
y € P. Thus K(P,y) = K(P) depends only on the tangent plane P C T, M. In
this case, we call K(P) the sectional curvature of the section P. By a similar
argument, one can also show that if g is of scalar curvature A = A(y), then
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A = A(x) is a function of x € M only. In this case, the sectional curvature is
constant at each point, namely,

K(P)= Az), VP CT,M.

Further, in dimension n > 3, the scalar function A\ = constant. Riemannian
metrics of constant curvature have been completely classified. In this section,
we will discuss some examples of Riemannian metrics of constant curvature.
First let us take a look at the following

Example 11.3.1 (Klein Disk) Consider the Klein metric on the unit ball B"
in R" (see Section 2.3)

L P = (PP - (0?)

)

)

where (,) and | - | denote the standard inner product and Euclidean norm in
R". By a direct computation, we obtain
_ 1 ((5 n zigd )
9ij = 1— |22 T EE )
gij = (1 — |.’L‘|Z) (51] —.’L‘i.Z'j),

8g]-l _ 6g]-k . 3(5]'l.%'k + 5kl$j 479 gk !

= : . (11.62)
oat 0at — (1—fzP)” T (1-JaP)”
Plugging (11.62) into (8.85) gives

a1—[zp) VY T TP
We obtain the spray of L.

—yi = 2 i 2
G 1-z12 Y oy

- ozt

Clearly, the geodesics of L are straight lines in B".
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Plugging P = 1<f|;’|>2 into (9.43), we can obtain

Ri = —|Lsi — §Lykyl]. (11.64)

Namely, L has constant curvature K(P) = — 1. i

Example 11.3.2 Consider the following Riemannian metric on R"
W (Pl Go0)?)

(1 + |m|2)2

0 ey D

A direct computation yields

G= yiami 1+ |z|? Y or (11.65)

Plugging P = —% into (9.43), we obtain
t = Lok — %Lyky (11.66)
Namely, L has constant curvature K(P) = 1. il

One of the most important theorems in Riemannian geometry is the classifi-
cation of simply connected Riemannian spaces with constant sectional curvature.
This is due to E. Cartan.

Theorem 11.3.1 For any A € {—1,0,1} and n > 2, there is an unique com-
plete simply connected n-dimensional Riemannian space with constant sectional
curvature \.
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Complete simply connected Riemannian spaces with constant sectional cur-
vature are called the (Riemannian) space forms. We will describe them below
in details.

The space form with A\ = 1 is the standard unit sphere S" = (S™, ggn) in

R™™. Let {p, q} denote the north pole and the south pole of S™ respectively.
S™\ {p,q} ~ (0,7) x S"7L. gsn on S™\ {p, ¢} is expressed by

gse = dt @ dt + sin® t ggn-1. (11.67)

The space form with A = 0 is just the Euclidean space R" = (R", ggrn)
Topologically R™ \ {0} = (0,00) x S""!. gra on R™\ {0} is expressed by

gre = dt @ dt + t2ggn-1. (11.68)

The space form with A\ = —1 is called the hyperbolic space H" = (R", gp ).
gus on R™\ {0} &~ (0,00) x S"! is expressed by

gun = dt @ dt + sinh?(t)gga-1. (11.69)

Example 11.3.3 Consider the following Riemannian metric on a surface
L := a(z,y) u* + c(z,y) v*. (11.70)

An easy computation yields

ol GR)) ma

Take a look at a special surface ¢ : (a,b) x S* — R? defined by

o(z,y) = (f(;v) cosy, f(x)siny, a:)
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The induced Riemannian metric is given by
L= (14 f@)?)u’ + f(a)*?
It follows from (11.71) that
Ko '@
@)1+ f(@)?]

(a) Take
flz) =1 —2a2
Then K = 1. This is the standard unit sphere S* in R®.

(b) Take
f(z) =ax +b.

Then K = 0. The surface is a cone in RS.

(¢) Take f(z) such that

(@) = f@)1+ @7
Then K = —1.

K=1

There are many incomplete Riemannian metrics of constant curvature.

Example 11.3.4 Take family of Riemannian metrics

ge := dt @ dt + ¢*sin®(t)g,,

o4l

171

on (0,7) x S!, where g, = ds ® ds denotes the canonical metric on S'. One can

verify that g. has constant curvature A = 1 for any ¢ > 0.

f
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Chapter 12

Projective Geometry

Two sprays G and G on a manifold are said to be pointwise projectively related
if they have the same geodesics as point sets. For any geodesic ¢(t) of G, there is
an orientation-preserving reparameterization ¢ = #(s) such that c(s) := c((s))
is a geodesic of G, and vice versa. In this chapter, we will show that two sprays
G and G on a manifold are pointwise projectively related if and only if there is
a scalar function P on T'M \ {0} such that

G=G-2PY. (12.1)

Then we prove the Rapcsdk theorem on projectively related Finsler metrics.
This remarkable theorem plays an important role in the projective geometry of
Finsler spaces. See [Th3] for a systematic survey on the early development in
this field.

12.1 Projectively Related Sprays

Let G(y) = ¥ 6% - 2G(y) 6§i be a spray on a manifold M. Geodesics are

locally characterized by the following system

d?ct rde
— 4+ 2G"(— ) = 12.2
dt? +2G (dt) 0, ( )

; . . ~ _ i O
where (c'(t)) denote the coordinates of ¢(t). Consider another spray G = y' 5+ —

2G(y) 321' on M, where

G'(y) =G'(y) + P(y) y". (12.3)
The scalar function P must satisfy the following homogeneity condition
P(\y) = AP(y), A>0. (12.4)

173
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Assume that c(t) is a geodesic of G, hence the coordinates (c'(t)) of ¢(t) satisfy
(12.2). Take a new parameter s determined by

d’s 2P(d0) ds ds

W wa a v

Then c(s) := c(t(s)) satisfies
d*ct _2GZ(%) % - %%
ds? (£)3
4
i dc)d det pfdc)d
—2Gi (%) 4 — 24P (%) %

(%)

Thus ¢(s) is a geodesic of G. This implies that G and G are pointwise projec-
tively related.

The converse is true too. Assume that sprays G and G have the same
geodesics as point sets. Take an arbitrary geodesic ¢ in M. Let t and s denote
the geodesic parameters of ¢ with respect to G and G respectively. Parameterize
¢ by a common parameter u. By (12.2) we obtain

d*ct ., de dc
2 () = o) (12.5)
d*ct - de - dc!
i 2G (%) = qﬁ(u)%, (12.6)
where
d’u d’u

$u) = o, P(u) = A
du
(%)
The difference of (12.5) and (12.6) is

~q dc iodey - dc
261(%) ~261(%) = (- ) %

Since the above equations hold for any geodesic, we conclude that (12.3) holds
for some function P on T'M satisfying (12.4). We have proved the following

Lemma 12.1.1 Let (M, G) be a spray space. A spray G is pointwise projective
to G if and only if there is a scalar function P on TM \ {0} such that

G =G - 2PY.
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Consider a spray G on a manifold M. Fix a standard local coordinate system

(z%,y%) in TM and write G = y! 8?” —2Gi(y) 6?;1" Let

‘I’a(sﬂ%f) = 2§GG1(8)7771)§) _2Ga(87n71a§)7 a = 27"')”7 (127)

where n= (772; T ;77”) and f = (52) T ’é-n) Let

R 1 y2 yn
G' =0, G* ::—§y1y1<1>“($1,-~-,m",—1,-~-,—1).
Yy Y

It is easy to verify that the local spray G := yi 8?” — 2@”(;;/) 6?41‘ is pointwise
projective to G.
Construct another local spray as follows

0 0

where 1
' (y) :== G'(y) - - 7 Nm () y". (12.9)

Clearly, II is also pointwise projective to G. II is called the local projective
spray associated with G. II has the following important property: If a spray G
is pointwise projective to G, then the local projective spray II associated with
G is equal to II in the same standard local coordinate system ! More important,
any (local) invariant expressed in terms of II? is a (local) projective invariant.
However, “projective invariants” defined by Il might not be globally defined.
To avoid this problem, we need an additional structure on the manifold, that
is, a volume form.

Fix a volume form dy = o(z)dz' ---dz™ on M. For a spray G on (M, du),
let S denote the S-curvature of (G, du). Define

2S
n+1

G:=G+ Y. (12.10)
Gisa globally defined spray on M ! We call G the projective spray associated

with G on (M,dp). In a standard local coordinate system (z',y’) in TM,
G =y'-% — 2Gi(y)-Z: is given by

ox? oy?
. o SW)
G'(y) =G (y) — ‘. 12.11
() ) - —7v (12.11)
By the definition of the S-curvature, we have
~i i 1 y™ do
G'(y) =1"(y) + ; (12.12)

n+1 o ozm y

where IT¢ are given in (12.9). Thus G depends only on the pointwise projective
class of G for a fixed volume form dp. This implies that any invariant defined
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by C:} is a globally defined projective invariant. However, the invariants defined
by G possibly depend on the volume form du too. As long as the invariant is
independent of the volume form dy, it is a globally defined projective invariant
of G.

Example 12.1.1 Let ¢ and 3 be C* functions on an open subset  C R?
satisfying ¢ + ¢? < 1. Let (z,y,u,v) denote the standard global coordinate
system in T = Q x R2. Let

Fi=vVu?+v2+¢(z,y) u+(z,y) v. (12.13)
By (5.28), F' is pointwise projectively related to the following spray
0 0 0 0
2 S22 _ 2 _u=
G.—uam —}—vay u? + v2 (¢, djz)(vau uav). (12.14)
f

The Riemann curvature of sprays is determined by geodesics. If two sprays
are pointwise projectively related, then the Riemann curvatures are related by
a simple equation.

Lemma 12.1.2 Let G and G := G — 2PY be sprays on an n-manifold M.
The Riemann curvatures are related by

R,=R, +EZ(y) I+ 1, v, (12.15)

where 1, € TM with ,(y) = —Z(y). Hence, the Ricci scalars R = ﬁfhvc
and R = ﬁRic are related by

R(y) = R(y) + E(y)- (12.16)

Proof: By (8.14), we obtain the following identity in a local coordinate system

Ry = Ry +E 0, + 1y’ (12.17)

where
E: = P?- Pyt (12.18)
T : = 3(PJ~ - PP.k) + Z.. (12.19)

Observe that
my" = 3(Pry* — P?) + 22 = -E.

It follows from (12.17) that

(nE-E)=R+E. (12.20)
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This completes the proof. Q.E.D.
The equation (12.15) was established in [Ma3] for Finsler metrics.

Recall that a spray G is isotropic if the Riemann curvature is in the following

form
R,=R(y) I+ ¢y

From (12.15), we see that if a spray is pointwise projective to an isotropic spray,
then it must be isotropic too.

By (12.15)-(12.19), we immediately obtain the following

Proposition 12.1.3 Let (M, G) be a spray space and G := G — 2PY a pro-
jectively related spray.

(a) R =R if and only if P satisfies
Py — PPy, = 0. (12.21)

(b) Ric = Ric if and only if P satisfies
y* Py, = P2 (12.22)
The special case of Proposition 12.1.3 has been proved in Example 9.3.1.
Comparing (12.21) with (2.41), we make the following

Definition 12.1.4 Let (M, G) be a spray space. Assume that a function P on
TM is C* on TM \ {0} satisfying

P(\y) = AP(y), VYA>0.
(a) P is called a Funk function if it satisfies the following system of PDEs
Py = PPy,
(b) P is called a weak Funk function if it satisfies the following PDE
Py = P2,
A natural question is whether or not there always exist non-trivial Funk

functions on a spray space. The following proposition tells us that there are no
non-trivial Funk functions on compact spray spaces.

Proposition 12.1.5 Let P be a weak Funk function on a spray space (M, G).
Then for any geodesic c(t) in (M, G) with ¢(0) =y,

P(e) = #}’é)t. (12.23)

In addition, if G is complete, then P = 0.

I There are imcomplete sprays on a compact manifold. In the published book, we assume
that M is compact instead of G is complete. Actually, we just need the completeness of G.
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Proof: Let P(t) :== P(¢(t)). We have
P'(t) = Pale(t)é (1),
where (c*(t)) denote the coordinates of ¢(t). Hence
P%(t) — P'(t) = 0.
Solving the above ODE, we immediately obtain (12.23). Q.E.D.

For sprays G and G = G — 2PY, Ric = Ric if and only if P is a weak
Funk function (Proposition 12.1.3). Proposition 12.1.5 can be generalized to
the following

Proposition 12.1.6 Let G be a positively complete spray space. Assume that
a spray G = G — 2PY satisfies

Ric > If{ivc,
then the projective factor P satisfies
P<O.
In addition, if G and G are both reversible or G is complete, then G = G.

Proof: Assume that P(v) > 0. Let ¢ be a geodesic in (M, G) with ¢(0) = v. It
follows from (12.16) that P(t) := P(é(t)) satisfies

P'(t) — P%(t) = =2(¢(t)) = R(&(t)) — R(é(t)) > 0. (12.24)
Let P(o)
Bo®) = =0
Py(t) satisfies
Py(t) — Py(t)* = 0. (12.25)

To compare P(t) with Py(t), we define

i = e (70700 “{p@)- R},
It follows from (12.24) and (12.25) that
hl(t) — 6_ fot |:P(S)+Po(5):| ds{Pl(t) _ P(t)z _ Pé(t) -f—Po(t)Z} > 0.

Since h(0) = 0, we conclude that

P(t) — Py(t) >0, ¢>0.
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Let t, := 1/P(v) > 0. Then

P(é(ty)) = lim P(t) > lim Py(t) = +oo.

t—t, t—t,

This contradicts our assumption. Thus P(v) < 0.

If G is also negatively complete, then P(v) > 0 by a similar argument. Hence
P(v) =0.

If both G and G are reversible, then P satisfies

Thus P(v) = 0. Q.E.D.

Let Gg := y? aii denote the canonical flat spray on R™ and G a reversible
spray on R"™ with Ric > 0. By Proposition 12.1.6, we conclude that if G is com-
plete, then it can not be pointwise projective to Gg unless G = Gy. However,
there are many incomplete sprays on R™ with Ric > 0, which are pointwise

projective to Gg.

Example 12.1.2 Consider the following spray on R™

(z,y)
G=Gp+2 Y. 12.26
TP (1226)

A simple computation yields that Ric > 0. Note that G is incomplete and
Go # G. #

Let G be a reversible spray on R" with Ric < 0. By Proposition 12.1.6,
we conclude that G can not be pointwise projective to Gg unless G = Gy.
However, there are many reversible sprays on a proper domain 2 C R" with
Ric < 0, which are pointwise projective to Gy.

Example 12.1.3 Consider the following spray on the unit ball B* C R"

(z,9)
G=Gyp—-2 Y. 12.2
T —aP (12:27)

An easy computation yields
Ric < 0.

Note that B" is a proper domain of R” and G # Gy. i
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12.2 Projectively Related Finsler Metrics

A Finsler metric on an open subset in R” is called a projective Finsler metric if
it is pointwise projective to the Euclidean metric. The problem of characterizing
and studying projective Finsler metrics is known as Hilbert’s Fourth Problem.
More general, given a Finsler metric on a manifold, we would like to determine
all Finsler metrics on the manifold whose geodesics coincide with the geodesics
of the given one as set points.

A. Rapcsik [Rap] proved the following important results.

Lemma 12.2.1 Let (M, L) be a Finsler space and L a Finsler metric on M.
Then the spray coefficients G* and G* satisfy

~ . . 1 .7~ ~
Gl=G+ Zg”{L;k.,y’c - L;l}, (12.28)

where ﬂ;l and if;k-l are the covariant derivatives of L with respect to L given by

.Z/;k = .Z/xk - N]lc.zyl, Lk.l = (L k)yl.

Proof: Observe that
[N/;k.lyk — .E;l - Z/wkylyk - Ezl - 4gllGl

Then (12.28) follows immediately. Q.E.D.

Theorem 12.2.2 (Rapcsdk) Let (M, L) be a Finsler space. A Finsler metric
L on M is pointwise projective to L if and only if

Ly -
LIy (12.29)

z/;k-lyk - -E;l = 2£

In this case, the spray coefficients are related by G* = G' + Py’, where

L 12.30
A7 (12.30)

Proof. Suppose that L is pointwise projective to L. By Lemma 12.1.1, the
induced sprays G = y' ;2 — 2G'(y) B‘Zi and G = y' 22 — 2G'(y) B‘Zi satisfy

G'(y) =G'(y) + P(y)y'. (12.31)

where P is a positively homogeneous function on T'M \ {0}. By (12.28), we
obtain } } . }
L;k.lyk — L;l =4P gilyz =2P L.l. (1232)

It follows from the homogeneity of L.j, that



12.2. PROJECTIVELY RELATED FINSLER METRICS 181

This implies

(Lav® — La)y' = 2Lay* — Luy' = Lay*.
Contracting (12.32) with 3! yields
(i;k.lyk — [N/;l)yl = 2P [N/.lyl =4P IN;

This gives (12.30). Plugging (12.30) into (12.32) gives (12.29). The converse is
trivial, so is omitted. Q.E.D.

Corollary 12.2.3 Let L= i(m,y) be a Finsler metric on an open subset U C
R™. Then L is pointwise projective to the standard Fuclidean metric if and only
if

~ ~ L« ~
kaylyk —Lxl = mkNy L

L. (12.33)

~ . ~ ~ . T k .
In this case, the spray coefficients G* of L are given by G* = Li%y L

Let L and L be Finsler metrics on an n-dimensional manifold M. Assume
that L is pointwise projective to L. Then L and L satisfy (12.29). The spray
coefficients of L and L are related by G = G*+ Py, where P is given by (12.30).
Recall (12.15) and (12.16)

R, = R, +EW)I+7y, (12.34)
R(y) = R(y)+Z@), (12.35)
where
Ely): = P’— Py, (12.36)
my(u): = 3(Py — PPy)uf +Z b (12.37)

Let M(y) := R(y)/L(y) and \(y) := R(y)/L(y). (12.35) is equivalent to the
following equation

[1]

S/NF E-kyk 2 E-kyk l
AMy)L(y) — My)L(y) = = |—= — | == . 12.38
WL - ML) =20) = |27 = [FF] v (12.39)
Theorem 12.2.4 ([Sz2][MaWe]) Let (M, L) be an n-dimensional Finsler space
and L another Finsler metric pointwise projective to L. Suppose that L is of

scalar curvature A(y). Then L is of scalar curvature \(y) which is given by
(12.38).

Proof: By assumption, L is of scalar curvature A(y), namely, the Riemann
curvature is in the form

Ry = Ay)L(y)I + Gy y- (12.39)



182 CHAPTER 12. PROJECTIVE GEOMETRY

Plugging (12.39) into (12.34) yields
Ry, = ) LWI+G v, (12.40)
where A(y)L(y) := My)L(y) + Z(y) and ¢, := ¢, + 7y Q.E.D.

For a Riemannian metric ¢ on a manifold of dimension n > 3, it is of
scalar curvature if and only if it is of constant curvature. If g and § both are
pointwise projectively related Riemannian metrics, then in dimension n > 3,
g is of constant curvature if and only if g is of constant curvature. The same
statement is also true for Einstein metrics. More precisely, we have

Theorem 12.2.5 (J. Mikes [Mik1][Mik2]) Let (M, g) be an n-dimensional Rie-
mannian space and § another Riemannian metric pointwise projective to g.
Suppose that g is Finsteinian, then § must be Einsteinian.

Now we consider positive definite Finsler metrics. As usual, we denote a
positive definite Finsler metric L by its square root, F = /L.

Let (M, F) be a positive definite Finsler space and F another positive definite
Finsler metric on M. Plugging L = F? in (12.28) yields

G'=G'+ Py’ + @, (12.41)

where
P = Fﬁfk (12.42)
Q= Egil{ﬁ;k-lyk—ﬁ;l}- (12.43)

Here the covariant derivatives of F are taken with respect to F. We immediately
obtain the following

Theorem 12.2.6 (Rapcsdk) For two positive definite Finsler metrics F and
F on a manifold M, F is pointwise projectively related to F if and only if F
satisfies

Ek-lyk - El =0. (1244)

In this case, the spray coefficients are related by G = G* + Py, where

F k
p="%
2F

Example 12.2.1 Let 8 = b;(z)y’ be a 1-form and F' = F(y) a positive definite
Finsler metric on a manifold M. Consider

F:=F+5.
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Adding a 1-form to a Finsler metric is called a Randers change. Suppose that
1Bl := supp(y)=1 |B(y)| < 1. F'is still a positive definite Finsler metric. Observe
that

Bu = (% - flbs)yi;

b,
k __ _ T8 k
B;k-ly - (6.’Ek Flkbs)y .
Thus 9 9
k_p, — (20 SOk K
ﬂ;k-ly B;l - (61}k 62’!l)y .

By Lemma 4.2.2,
F = Fpo — Ny F, = 0.

We obtain 9 9

Pk B k_ g _ (90 OO\

Fray® — Fu = Biray” — B ((%k 9l )y .
Thus (12.44) holds for F = F + § if and only if § is close. That is, ' = F + f3
is pointwise projective to F' if and only if 3 is close. This result is obtained by
Hashiquchi-Ichijyo [Halc3] (see also Example 3.3.1.1 in [AnInMal). il

Now we derive several conditions equivalent to (12.44). Let F be a positive
definite Finsler metric on a positive definite Finsler space (M, F). Let

pP.=2
2F

Observe that

B 1- 1
[PF], = §F;k~lyk +5 ke

Thus F satisfies (12.44) if and only if
Ey = [PF],. (12.45)

Suppose that F satisfies (12.45) for some P satisfying P(\y) = AP(y), VA > 0.
F;lyl
2F
Proposition 12.2.7 Let (M,F) be a positive definite Finsler space and F
another positive definite Finsler metric on M. F is pointwise projective to

F if and only if there is a positively homogeneous function P on TM, i.e.,
P(Ay) = AP(y), YA > 0, such that F satisfies

By contracting (12.45) with y', we obtain P =

. This proves the following

Fyu = [PF)4 (12.46)

In this case,
Fy*

)

2F
and the spray coefficients are related by G = G + Py'.
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By Propositions 12.1.3 and 12.2.7, we immediately obtain the following

Proposition 12.2.8 Let (M, F) be a positive definite space and F a positive
definite Finsler metric on M. Assume that F satisfies

F, = [PF),. (12.47)
for some positively homogeneous function P on T M.
(a) R =R if and only if P is a Funk function on (M, F);
(b) Ric = Ric if and only if P is a weak Funk function on (M, F).

A natural question arises: Given a (weak) Funk function P on a positive
definite Finsler space (M, F), whether or not there exists a positive definite
Finsler metric F on M satisfying (12.47)? This inverse problem has not been
studied yet. Let us take a look at the special case when P is a Funk function
on an open domain @ ¢ R". By Pr0p0s1t10n 12.1.3, we know that for any
Funk function P on T, the spray G := y' =2 ,7 1s R-flat. By [GrMul],
G is locally induced by a (possibly not posmve deﬁmte) Finsler metric F' on
Q. According to Proposition 12.2.7, F is a solution of (12.47). Therefore there
exists non-trivial pointwise projectively flat R-flat Finsler metrics. This is just
Theorem 10.3.5. See further discussion in Section 12.4 on the inverse problems.

We continue to derive conditions equivalent to (12.44) or (12.47). Let F
be a positive definite Finsler metric on a positive definite Finsler space (M, F)).
Assume F satisfies (12.47) for some positively homogeneous function P on T'M.
This implies

Fij=Fj.. (12.48)
Contracting (12.48) with y¢ gives

Fijy' = Fiy' = Fy.
We obtain another equivalent version of Rapcsdk’s Theorem.

Proposition 12.2.9 Let (M, F') be a Finsler space and F another Finsler met-
ric on M. F is pointwise projective to F if and only if F satisfies

Fij=Fj. (12.49)

)

We still assume that F is pointwise projective to F'. As a scalar function on
T M, the covariant derivatives of F' with respect to F' satisfy the following Ricci
identities

ks (12.50)

ik = Fikj + Fn B (12.51)

’111 Bt
)
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Here Bj7; denote the Berwald curvature coefficients. Differentiating (12.44)

with respect to 37 yields
Epigy* + Fji = Faj. (12.52)
With both (12.50) and (12.48), we obtain
Fijy* = Frijy* = 0. (12.53)
It follows from (12.51) and (12.53) that
Fijwy® = Finjy* + FuBiy" = 0. (12.54)

Thus (12.54) is a necessary condition for F to be pointwise projective to F.
This necessary condition was obtained by M. Matsumoto [Ma9] in 1993.

Corollary 12.2.10 ([Ham]) Let F = fz(m,y) be a positive definite Finsler met-
ric on an open subset U C R". Then F is pointwise projective to the standard
Euclidean metric if and only if one of the following conditions is satisfied.

Fpngy® = F,i, (12.55)
Fpiyi = Fppe. (12.56)

Any of the above conditions implies the following
Fyiysary® =0. (12.57)

If Fy, F5 are two pointwise projectively related positive definite Finsler met-
rics and a1, as two positive numbers, then

F = OélFl +(1{2F2

also satisfies (12.44). Thus F is pointwise projective to F; and F,, provided
that F is still a positive definite Finsler metric.

A positive definite Finsler metric F' on an open subset &/ C R™ is called a
projective Finsler metric if it is pointwise projective to the Euclidean metric.
Projective Finsler metrics are, of course, pointwise projectively flat. Conversely,
every locally projectively flat Finsler metric is locally isometric to a projective
Finsler metric. There are lots of projective Finsler metrics. Two dimensional
projective Finsler metrics are studied in [Bw5][Ham|[Mal0][Mall]. In [Bw5], L.
Berwald gives explicit formulas for all two-dimensional projectively flat Finsler
metrics with constant main scalar. See [Alv1][Alv2][AlGeSm] for some construc-
tions in higher dimensions.

Let F' denote the Funk metric on a strongly convex domain ) in R™. By
Lemma 2.3.1, F satisfies
For = FEyi. (12.58)
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It follows from (12.58) that
szyzyk = Fzz.

By Corollary 12.2.10, we conclude that F' is pointwise projective to the Eu-
clidean metric. More precisely, the spray coefficients of F' are given by G*(y) =
P(y)y' where

_ ka yk _ 1

P —F.
2F 2

Thus

‘ . 1.
E=P? - Pyt = —ZFZ.
By Theorem 12.2.4, F' is of constant curvature K = —1/4.
Let F'(y) := F(~y) denote the reverse of F. By the same argument, one can

easily show that F' is also pointwise projective to the Euclidean metric. Further,

F is also of constant curvature K = —%. Since both F and F are pointwise

projective to the Euclidean metric, so is F' := %(F + F'). The spray coefficients
G = Pyt of F is given by

. F, y* _
p="2Y — Z(F_F)
2F 2
Observe that
N 1/, -
Pyt = —((F )y + (Fz)yk)yk - §(F2 + FZ).

This gives R R R
E=P?- Pyt =-F>

By Theorem 12.2.4, we conclude that the Klein metric F' has constant curvature
K = —1. We summarize as follow.

Theorem 12.2.11 ([Ful][Bw3][Ok]) Let Q be a strongly convex domain in R™.
Let F denote the Funk metric on Q, F the reverse of F and F := %(F + F)
the Klein metric on Q. F, F and F are pointwise projective to the Fuclidean
metric on R". Both F and F have constant curvature K = —1/4, while F has
constant curvature K = —1.

12.3 Projectively Related Einstein Metrics

In this section we will continue to study projectively related Finsler metrics.
We will show that if two Finsler metrics are pointwise projectively related, then
along each geodesic, their Ricci scalars are related by a simple equation. This
leads to some important results on projectively related Einstein metrics.

Let F' and F be positive definite Finsler metrics on a manifold M. Put

Ric(y) = (n— DA@y) F*(y),  Ric(y) = (n = DAy) F>(y),



12.3. PROJECTIVELY RELATED EINSTEIN METRICS 187

where A(y) and A(y) are scalar functions on TM. Suppose that F and F are

pointwise projectively related. Then (12.38) holds, i.e.,

Eryky
} Y

- - ka2
AW F2(y) — My)F2(y) = [ﬁ;’“—;’] - [7 | (12.59)

Let ¢(t) be a unit speed geodesic of F and &) be a unit speed geodesic of F'
such that ¢ = ¢ as a set of points, namely,

c(t) = é(t), pr 0
Let o L
A() = AE(),  A) = A(e(t))
1 o 1
ft) = , f@) = =
F(t) F(t)
It follows from (12.59) that
£ XD () = ;;8). (12.60)
ren NI /\(t)
@)+ A@)f(t) = B (12.61)
Equations (12.60) and (12.61) can also be expressed as follows.
Lrdt\d*t 3 d*t\?2 diN? < o diy?
(@ +1(GE) 0@ =20(F) - (12.62)
LodiNd®t 3 d?t\2 < - rdt\?2 dt\4
_E(d_tN) pre) + Z(ﬁ) + /\(t)(d_{) == /\(t)(d—tN) . (12.63)

Note that (12.63) is the inverse of (12.62) and vice versa.

From now on, we assume that F and F are Einstein metrics, i.e., A and \
are constants. In this case, (12.60) is solvable, namely, the general solution can
be expressed in terms of elementary functions. The solution of (12.60) with

f0)=a>0, f(0)=b#0

is determined by
£(®) s

_ds = +t, (12.64)
o VXst+208% — )

where the sign £ in (12.64) is same as that of f'(0) = b and

C:= %(/\az +Xa® + bz).
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When b = 0, the solution can be obtained by letting b — 0.
Note that

- 2 . ~ .
—)\(az - C/,\) +C2 A= A=(@ab)?>0, ifA#£0 (12.65)
and ~
—Aa* +2Ca® — X = (ab)? > 0. (12.66)
Thus the integrand in (12.64) is defined for s close to a and the maximal solution

f(t) > 0 is defined on an interval I containing s = 0.

By evaluating the integral in (12.64), we can prove the following

Theorem 12.3.1 ([Sh7]) Let F and F be pointwise projectively related positive
definite Finsler metrics on a compact n-manifold M. Suppose that both F' and
F' are FEinstein metrics with

Ric = (n — )AF?, Ric = (n— 1)AF?,

where )\,5\ € {-1,0,1}. Then X and X have the same sign. More details are
given below.

(i) If \ = 1=\, then along any unit speed geodesic c(t) of F
- 2
F((t) = 7= — : : —
(az —1/a® — bz) cos(2t) + 2absin(2t) + (az +1/a®>+ bz)
(12.67)
where a > 0 and —oo < b < oo are constants. Thus, for any unit speed

geodesic segment c of F' with length of m, it is also a geodesic segment of
F with length of «.

(i) If X\ = 0=\, then along any geodesic ¢(t) of F or F',

F((t)
F(et)

(iii) If \=—1= ), then F = F.

= constant. (12.68)

To prove Theorem 12.3.1, we divide the problem into several cases.

Case 1: A =1. From (12.64), we obtain

f(t) = /(a2 — C) cos(2t) + absin(2t) + C. (12.69)

Using (12.65) we can rewrite (12.69) in the following form

f(t) = \/\/02 — X sin [sin—l (\;%) + 2t] +C, (12.70)
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where the sign + in (12.70) is same as that of f'(0) = b when b # 0. Otherwise,
the sign can be chosen arbitrarily.

Case 2: A =0. From (12.64) we obtain

F(t) = \/(a+bt) +)\( )2 (12.71)

Case 3: A = —1. From (12.64), we obtain

f(t) =+/(a? + C) cosh(2t) + absinh(2t) — C. (12.72)
Using (12.65) we can rewrite (12.72) as follows

\/\/02 :\cosh[cosh (\;L"—i)i%] C ifC24+X>0

i) = \/eﬂt(ag—{—C)—C ifC2+X=0
\/\/ Asmh[smh (\/fﬂ_{)ﬂt} C ifC?+1<0
(12.73)

The sign + in (12.73) is same as that of f/(0) = b # 0.

The proof of Theorem 12.3.1 follows from the above formulas (12.69)-(12.73)
for f(t) = [F'(¢(t))]~ /2. First, we know that any Finsler metric on a closed man-
ifold is complete. Thus f(¢) > 0 must be defined on (—o0, 00). The completeness

of F implies .
1 *© 1
[ ra===] 7an

Then the Einstein constants must have the same sign. The reader can easily
prove Theorem 12.3.1 (i)-(iii). Q.E.D.

The non-compact case is more complicated. We list some theorems below.

Theorem 12.3.2 ([Sh7]) Let F and F be pointwise projectively related positive
definite Finsler metrics on a non-compact n-manifold M. Suppose that both F
and F' are Ricci-flat. Then along any unit speed geodesic c(t) of F,

F) = e

where a > 0 and —oco < b < oo are constants. Thus F' is complete if and only if
F is complete. In this case, along any geodesic c(t) of F or F,

F(()
F(e)

(12.74)

= constant.
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We actually prove that if ¢ is a unit speed geodesic of F', along which F'/ F#
constant, then ¢ can not be defined on (—oo,00). If ¢ is defined on [0, 00)
or (—o00,0], then it has finite F-length. This suggests that there might be a
positively complete (Ricci-)flat metric and a negatively complete (Ricci-)flat
metric which are pointwise projective to each other. Such examples have not
been found yet.

Theorem 12.3.3 ([Sh7]) Let F and F be pointwise projectively related positive
definite Finsler metrics on a non-compact n-manifold M. Suppose that F' and
F are Einstein metrics with

Ric=—(n—1)F?, Ric=—(n—1)F2
Then along any geodesic c(t) of F,

o 2
e = (— 1/a® +a® + b2) cosh(2t) + 2absinh(2t) — (— 1/a? —a® + b2) 7
(12.75)

where a > 0 and —oo < b < oo are constants. If both F' and F are complete,
then F' = F.

Corollary 12.3.4 Let F be a Finsler metric on a strongly convex domain § in
R™. Suppose that the following hold

(a) F is complete;
(b) the geodesics of F' are straight lines;
(¢) F has constant curvature A\ = —1.

Then F' is the Klein metric on Q.

12.4 Inverse Problems

A spray G on a manifold M is said to be locally Finslerian if at any point
x € M, there is a neighborhood U, in which G is induced by a Finsler metric
F'. G is said to be globally Finslerian, if it is induced by a Finsler metric on the
whole manifold.

Problem 1: Given a spray, is it locally Finslerian? If it is locally Finslerian,
is it globally Finslerian ?
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If a two-dimensional spray G is induced by a Finsler metric L, then the
Riemann curvature takes the following form (8.62), namely,

Ry(u) = K(y){L(y)u = 9y(y,u) y}

where K(y) = Ric(y)/L(y). Thus R = 0 if and only if Ric = 0. This implies
that any two-dimensional spray G with Ric = 0 and R # 0 is not Finslerian.

A spray on a manifold is said to be locally projectively Finslerian if at each
point, there is a neighborhood in which it has the same geodesics as a Finsler
metric. A spray is said to be globally projectively Finslerian if it has the same
geodesics as a Finsler metric on the whole manifold. The following is the famous
Hilbert’s Fourth Problem.

Hilbert’s Fourth Problem: Given a domain Q@ C R"™, determine all Finsler
metrics on ) whose geodesics are straight lines.

There are a number of papers on the Hilbert Fourth Problem. See [Alv2]
[Ale] [Dar] [Po] [Sz3] [Za],etc. In Hilbert’s Fourth Problem, the base metric
is the standard Euclidean metric on R™. Thus if a Finsler metric is pointwise
projective to the Euclidean metric, then it must be of scalar curvature (Theorem
12.2.4). It turns out that there are many Finsler metrics on a domain in R”
which are pointwise projective to the Euclidean metric. In particular, the Funk
metrics and the Klein metrics are all pointwise projective to the Euclidean.
Some Randers metrics are also pointwise projective to the Euclidean metric.
For a Riemannian metric a(y) = \/¢(y, y) and 1-form § on a domain Q C R™, if
« is pointwise projective to the Euclidean metric and df = 0, then the Randers
metric F'(y) := a(y) + B(y) is also pointwise projective to the Euclidean metric.
The following problem is natural.

Problem 2: Given a spray, is it locally projectively Finslerian ? If it is locally
projectively Finslerian, is it globally projectively Finslerian ¢

Before we discuss Problem 2, let us take a look at the following

Example 12.4.1 Consider the following spray on R?

G:ui—l—vé—E\/uz—l—vzg—i—E u2+v23, (12.76)
Or oy r ou r ov

where r > 0. By Example 4.1.3, we know that the geodesics of G are given by

z(t) = rcos(ét—l—ﬂ)—rcosé?—i—a:(O),
T

<

—~
o~

~

7 sin (ét + 0) —rsind + y(0).
T
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Thus the geodesics of G are circles of radius r. We are going to show that G
is locally pointwise projective to a Randers metric everywhere. For any point
(Z0,Y0) € R?, define

1—
F=+u?+v2+ Tk(y —Yo) U — é(m — To) U, (12.77)

where k is an arbitrary constant. F' is indeed a Randers metric on an open
domain € in R?, where Q is given by

(5 @ —eor+ () w-w? <1

When £ = 0,1, Q is an open subset between two lines. When k # 0,1,  is
enclosed by an ellipse.

k= 025, r= 1, (mo;yo) = (070)

To prove that F' is pointwise projective to G on (2, we need to compute the

spray of F,
0 ~ 0 ~ 0
=u— — —2G— —2H—.
G “am+”ay Gau Ov

According to Example 5.2.2, the spray coefficients G and H of F are given by
G = Pu+ 21\/u2+v2
T
Py — ;Vuz + v2,
r

H
where

= %{ 1 ;2k w — \/u:j 02 (k(w —zo)u+ (1 —k)(y _yo)v)}.

Thus the spray G is pointwise projective to G on Q. Note that when k changes,
the domain Q of F' changes too. But the orbits of the geodesics remain un-
changed.
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We will show that the spray G is not globally projectively Finslerian. More
precisely, it is not pointwise projective to any positive definite Finsler metric.
See Example 14.1.1 below. i

Therefore, another problem arises: If a spray on a manifold is (locally)
Finslerian, is it induced (locally) by a positive definite Finsler metric ?

In [Sz1], Z.1. Szabé studied the following inverse problem on affine sprays.

Problem 3: Given an affine spray, under what sufficient and necessary condi-
tions, the spray is locally Finslerian ?

By definition, a spray is affine if the Berwald connection is an affine connec-
tion. A Finsler metric is Berwaldian if the induced spray is affine. Z. Szabé first
proved that if an affine spray is induced by a positive definite Finsler metric,
then it can be induced by a Riemannian metric. Based on this observation, he
proved the following

Theorem 12.4.1 (Szabd) Let G be an affine spray on a manifold M whose
Riemann curvature R does not vanish everywhere. Then G is induced by a
non-Riemannian positive definite Berwald metric if and only if the following
two conditions are satisfied:

(a) G is induced by a Riemannian metric.

(b) The Berwald connection of G is either locally reducible or it is a locally
irreducible, locally symmetric connection of rank k > 2.

We remark that for a given affine spray on a manifold, it is hard to check
whether or not the condition (a) in Theorem 12.4.1 is satisfied. Nevertheless, by
Theorem 12.4.1, Szabd concludes that a positive definite Finsler metric inducing
an affine spray must be one of the following four types:

(a) F is Riemannian;
(b) F is locally Minkowskian ;

(¢) F is non-Riemannian and the Berwald connection D is locally irreducible,
locally symmetric of rank r > 2;

(d) F is non-Riemannian and the Berwald connection D is locally reducible.
In this case, the space can be locally decomposed to a Descartes product of
Riemannian space, locally Minkowskian spaces and locally irreducible, lo-
cally symmetric non-Riemannian positive definite Berwald spaces of rank
r > 2.
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Szab6 gave a full list of 56 kinds of irreducible and globally symmetric Berwald
metrics.

As we know, affine sprays and isotropic sprays are two important classes of
sprays. Thus it is natural to investigate the inverse problem on isotropic sprays.

Problem 4: Given an isotropic spray, is it locally Finslerian ? If it is locally
Finslerian, is it globally Finslerian ?

The inverse problem on isotropic (semi)sprays has been studied by J. Grifone
and Z. Muzsnay [GrMu]. The results of their study can be applied to construct
Lagrange metrics and Finsler metrics of scalar curvature.

Now we make few remarks on the inverse problems on semisprays. By defi-
nition, a semispray S on U = (a, b) x Q is locally Lagrangian if for any (s,n) € U,
there exists an subinterval (a',b’) of (a,b) and an open neighborhood Q' of 7
such that S on U’ = (a’,b") x ' is induced by a Lagrange metric on U’. See
Chapter 3. We may ask the following questions.

Problem 5: Given a semispray, is it locally Lagrangian ? If it is locally La-
grangian, is it globally Lagrangian ?

Problems 2 is closely related to Problem 5.

Proposition 12.4.2 Let U = (a,b) x & C R™ be an open subset. Given a
semispray S = %4—5“ ‘2a +<I>a(s,n,§)% and a spray G = y° a(zi —2G’(m,y)6%,-

on U. Suppose that they are related by

q)a(sanag) = 2§aG1(5>77;1>§) _2Ga(5>77:1>§)7 a = 27"'7”' (1278)

S is locally induced by a Lagrange metric ¢ = ¢(s,n,€) on U if and only if G
is locally projectively induced by a Finsler metric L = L(z,y) on U in the form

L(a,y) = [y 6(5,m.6)] (12.79)

where s = &', n® = 2% and £ =y*/y", a =2,---,n.

Proof: We first assume that S is locally induced by a Lagrange metric ¢ on
U. Define a Finsler metric L by (12.79). By Proposition 3.3.1, the spray G =
Y ail - 2G" (=, y)%; of L is related to the semispray S by

q)a(sanag) = 2§aél(5>77;1>§) _2(;“(5777:1:5); a = 27"'7”' (1280)

It follows from (12.78) and (12.80) that there is a function P(z,y) such that
Gi(x,y) = Gi(z,y) + P(x,y)y’. Thus G is locally pointwise projective to G.
Namely, G is locally projectively induced by L.
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Conversely, we assume that G is locally projectively induced by a Finsler
metric L in the form (12.79) for some function ¢ (which must be a Lagrange
metric). We claim that ¢ induces the semispray S. Let G = y° % —2G(z,y) %i
denote the spray of L and S = % + f“% + @“(s,n,f)% the semispray of ¢.
By Proposition 3.3.1, G and S are related by

éa(sanag) = 2&-@@1(8)”71)6) _2(?“(877771)5)7 a = 27"')”' (1281)

On the other hand, by assumption,N(N} is pointwise projective to G. Namely,
there is a function P(z,y) such that G*(z,y) = G*(x,y)+P(x,y)y’. This implies
that

25(1@1 (8, m, 1) 5) - 26&(8) m, 1) 6)7 = 2€GG1 (S, n, ]-7 f) - 2Ga(sa n, ]-7 f) (1282)

Notice that the right hand side of (12.82) is equal to ®%(s, n, &) by (12.78). Thus

% = . This implies that S = S is the semispray of ¢. Q.E.D.

Theorem 12.4.3 (G. Darboux [Dar]) Every two-dimensional spray is locally
projectively Finslerian. Every one-dimensional semispray is locally Lagrangian.

G. Darboux [Dar] proved that for any equation

4y dy
= CI)(x,y, %), (12.83)

there is a Lagrangian such that its Euler-Lagrange equation is (12.83). One
can easily construct a (singular) Finsler metric in an open domain in R? such
that its geodesics satisfy (12.83). Thus every two-dimensional spray is locally
projectively Finslerian. M. Matsumoto provided a detailed formula of Finsler
metrics for certain types of equations (see [Mall]).

In higher dimensions, D.R. Davis [Dav1]-[Dav3] and D. Kosambi [Ko1][Ko2]
first studied Problem 5. Finally, J. Douglas [Dg2] gave a complete solution
to Problem 5 on semisprays in dimension two (i.e., semisprays on (a,b) x ,
where dim Q = 2). In [CSMBP], the authors gave a geometrical interpretation
of the key parts of Douglas’s paper [Dg2]. In [SCM], the authors made a general
analysis on the integrability for the Helmholtz equations. They proved that a
particular class of systems with n degree of freedom, corresponding to Class I of
Douglas’s classification in the two degrees of freedom case, is always Lagrangian.
In [CPST], the authors extended other Douglas’s results. In [GrMu], Grifone
and Muzsnay solved the inverse problem for isotropic semisprays. This kinds of
inverse problems form an important subject in mathematics.
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Chapter 13

Douglas Curvature and
Weyl Curvature

There are two important projective invariants of sprays and Finsler metrics.
One is a non-Riemannian projective invariant constructed from the Berwald
curvature. The other is a Riemannian projective invariant constructed from
the Riemann curvature. In this chapter, we will discuss these two projective
invariants.

13.1 Douglas Curvature of Sprays

Let G = ‘(y) agi be a spray on a manifold M. Recall that for any
vector y € T, M \ {0}, the Berwald curvature B, : T, M x T, M x T, M — T, M
is a trilinear form By (u,v,w) = B;kl( YudvFaw! —| defined by

; 0*G!

k = (). 13.1
Jkl (y) 6y38yk6yl (y) ( )
The mean Berwald curvature E,, : T, M xT, M — R is a bilinear form E, (u,v) =
E;;(y)u'v’ defined by

Eij(y) = BZLm( )- (13.2)
Based on the Berwald curvature, J. Douglas [Dgl] introduced a new quantity
D, : .M x T,M x T,M — T,M which is a trilinear form D,(u,v,w) =
D;kl (y)ud v*w! —| defined by

4 ) 2 ) ) . O0Ej,
Dy = Bjyy - — |Eindi + Eadl + Bud + 5 yfl’“ Y (13.3)
We call D := {Dy},cran {0} the Douglas curvature. See also [BwS].

197
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Let .
Il = Gz _ N™ i'

I =y Bw — 2[(y ) = is the local projective spray associated with G. II
depends only on the pomtwise projective class of G. Thus any (local) invariant
defined by II is a (local) projective invariant. Observe that

i i 1
2 — 2 m, 1
e A (N y )yjykyl (13.4)
o311
= Gy 1)

Thus D is a projective invariant. It follows from (13.5) that D, is a symmetric
trilinear form. Moreover,

D,(y,v,w) =0, trDy (v, w) = 0. (13.6)

Here trDy (v, w) := 1 D7

Thm (Y)v7wk denotes the trace of D,.

The following lemma is trivial.
Lemma 13.1.1 E =0 if and only if D = B.

Proof: Suppose that E = 0. It follows (13.3) that D = B. Suppose that D = B.
By (13.6), we obtain
1 1

Byj = 5By = 5Dl = 0.

Thus E = 0. Q.ED.

Proposition 13.1.2 Every spray G on a manifold M is globally pointwise pro-
jectiwe to a spray G with B =D (equivalently, E = 0). Hence G is globally
pointwise projective to an affine spray G if and only if D = 0.

Proof: Take an arbitrary volume form dp on M. Let S denote the S-curvature
of (G,du). Define
2S

n+1

(13.7)

By Proposition 5.2.1, we know that S = 0. Hence E = 0 by (6.13). It follows
from Lemma 13.1.1 that B=D=D. Q.E.D.

Proposition 13.1.2 is a strength of the Douglas theorem ([Dgl][Bw8]). Dou-
glas only proved a local version.
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13.2 Projectively Affine Sprays and Douglas Met-
rics
Proposition 13.1.2 suggests the following

Definition 13.2.1 ([Dgl]) A spray is projectively affine if D = 0. A Finsler
metric is called a Douglas metric if its spray is projectively affine.

We are going to study projectively affine sprays and Douglas metrics. First
of all, let us take a look at the following

Example 13.2.1 Consider a generalized Randers metric F = F + /3 on a man-
ifold M, where F' = F(y) is a Finsler metric on M and 8 = b;(z)y’ is a 1-form
on M such that supp(,y— [B(y)| < 1. By (12.41), the spray coefficients of F" and
F are related by

G'=G'+ Py’ + Q' (13.8)

eS|l

Q' = _gil{ﬁ;kiyk - Fl} (13.9)

[\

Since F;, = 0, we obtain

Fay® — Fy = Bay® — By = (b — by

This gives

- F

Q' = 5g”(bl;k — bra)y".
Thus if  is close, i.e., by;s — bs;, = 0, then D = D. In this case, F is a Douglas
metric if and only if F' is a Douglas metric. This generalizes a result of S. Bacsé
and M. Matsumoto [BaMa2]. They proved that for a Randers metric F' = a+f,
F' is a Douglas metric if and only if § is a close 1-form. il

One of the important problems in Finsler geometry is to describe Landsberg
metrics which are not Berwaldian. So far, no explicit examples have been found
yet. The following result shows that such examples do not exist among Douglas
metrics.

Proposition 13.2.2 ([BallKi][BaMal]) For a Douglas metric L on a manifold
M, if L=0, then B =0.

Proof: We will sketch a proof for a positive definite Douglas metric F(y) :=
vV L(y). It follows from (13.3) that

2 OF;;
Bijn = — 1 {Eijéi + B0 + Ej1.0; + 6y,j y’}, (13.10)
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where E;; = %Bm Let

ijm*
1
hij == gij — ﬁgikykgjlyl

and R} := g*hjr = 0 — Fz 'y’

(13.11)

Assume that F' is also a Landsberg metric, i.c., Lijx = —3y°gaBl;, = 0.
Contracting (13.10) with A]" yields
2
Bl = n—H{Ejh;” + Euhlf + g},

Substituting (13.11) into (10.12) yields
Eirhji + Ejphg — Eyhjr, — Ejthge = 0.
Contracting (13.12) with g% yields,

Ej = hji,

_r
n—1
where p := g E;;. Plugging (13.13) into (13.11) gives

me= m{hikhj + hyeh™™ + hy b7 }

Plugging (13.13) into (13.10) gives

Do = e {hah + byl + hih )

+#{i(m)h“ + 2pFCiji }y’”

(2 — 1)F L9yF

Comparing (13.15) with (13.14), we obtain

9(pF)
hij W = —2pFCijk.
Contracting (13.16) with g% yields
9(pF)

where Cy, := g% C;jx,. Substituting (13.17) into (13.16), we obtain

{Ckhij —(n— 1)Cijk}pF =0.

(13.12)

(13.13)

(13.14)

(13.15)

(13.16)

(13.17)

(13.18)

Assumen > 2. Then (13.18) implies that either Cy, = 0or p = 0. If Cy, = 0, then
F' is Riemannian by Deike’s theorem [De][Bk2]. If p = 0, then E = 0 by (13.13).
This implies B = 0 by (13.10). In either case, F' is always a Berwald metric.
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This fact is due to S. Bacsé and his collaborators [BallKi] [BaMal] (claimed by
H. Izumi [Iz] in 1984). In [BallKi], the Douglas metric is assumed to be positive
definite as above. Later on, this condition was removed in [BaMal]. The proof
in dimension two is omitted. Q.E.D.

From Proposition 13.2.2, we immediately obtain the following

Corollary 13.2.3 Let F be a positive definite R-quadratic Finsler metric on
a compact manifold M. F is a Douglas metric if and only if it is a Berwald
metric.

Proof: Assume that F' is a Douglas metric. By Theorem 10.3.2, F' must be a
Landsberg metric. Thus F' must be a Berwald metric by Proposition 13.2.2.
Q.E.D.

It is much easier to describe projectively affine sprays than Douglas metrics.
II:et G =y aii - 2G’($,y)aiy,- be a spray on an open subset & = I x ) C R™.
et

Qa(sanag) = 2£GG1(8777)]—7£) —2Ga(3;7771;§)7 a:27"')n7 (1319)

where n = (n%,---,n") and & = (£2,---,£™). Using ®°, we define a new spray
G=y 321‘ - G'(z,y) 6§i by
Gl :0 Ga‘ = _lylyl@a‘(l’l mni g) (13 20)
. ) . 2 ) ) ’yl) 7y1 N -

Note that G is pointwise projective to G. Using (13.4), we immediately obtain
a local formula for the Douglas curvature.

a 1 e N .
Dbcd 2(71 + 1) ((bfbfcfd{ef - (TL + 1)¢£b£c§d)
05 Peecage + 00 BGucace + 04 Peogece (13.21)
1
1 — €
Dyeq = m@gbgcgdge. (13.22)

All quantities on the left side are valued on = = (s,n) and y = (1,£). Rewrite
(13.6) as follows ' '
e’ + Dl = 0. (13.23)

By the above formulas, we obtain the following

Proposition 13.2.4 ([Bw8]) A spray G is projectively affine if and only if the
set of functions ®* defined in (13.19) are in the following form

BT = A + BREY 4+ CR.E%¢° + Dy hecen, (13.24)

where A*, B, Cf. and Dy are functions of (s,1).
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Proof: Tt follows from (13.21)-(13.23) that if ®* are in the form (13.24), then
all coeflicients D;kl = 0. Suppose D = 0. By Proposition 13.1.2, G is pointwise

projective to an affine spray G = y’ 8‘; —2G'(y) 52" with Gi(y) = %f‘;k(m)yfy’”
Thus

®(s,1,6) = 26°G'(a,n,1,€) —2G(s,1,1,€)
= ¢(Mh +20h,¢ + The¢)
— (1, +20,6" + Tpgee).
Thus ®* must be in the form (13.24). Q.E.D.

Cousider a Finsler metric on an open subset & = (a,b) x @ C R™ in the form

L(z,y) = [yl(ﬁ(s,n,é)]

where s = z',7® = 2% and ¢* = y*/y', a = 2,---,n. By Lemma 1.1.3, the
function ¢ = ¢(s,n,£) must be a Lagrange metric on U. By (3.28), ¢ defines a
set of functions ®¢

‘I’a(sﬂ%f) = %hab{¢nb - ¢5§b - ¢n“§b£c}7 (1326)

2
’

(13.25)

where hgp 1= %qﬁgagb(s,n,f). By Proposition 3.3.1, the spray coefficients G* =
Gi(x,y) are related to ®* = ®%(s,n,£) by (13.19). By Proposition 13.2.4, L is
a Douglas metric if and only if & are in the form (13.24).

Example 13.2.2 Let &/ C R? be an open subset and (z,y, z,u,v,w) denote
the standard coordinate system in TU = U x R®. Consider a Finsler metric on
U in the form

L = u* [A(;v, Y, 2) (%)

P(xayaz)% + Q(x,y,z)% + R(m,y,z)]z. (13.27)

2 2
+ Bla,y, 7)== + Cle,y,2) (=)
uu u

By (13.26), ¢ defines two functions ® := ®2(xz,y, 2,£,() and ¥ = 3(z,y, 2, &, ().

A direct computation yields
o = i{(CA —2BB, + BA )52 ++2(0A _BC )gg
2B2 Y Y z z Y

—(ccy _92CB, + BCZ)CZ + (20Aw + BP, — 2BB, — BQy)g

+(20B$ ~CQ,+CP. — 2BCx)C +CP, — CR, + BR. — BQx}
v o= —%{Aygz +24.6C + (2B. - €y ¢?

24,6+ (P = Qy+ 2B, )C+ Po — Ry }.

Thus L is a Douglas metric. i
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New we consider a two-dimensional G on an open subset & = (a,b) x(a, ) C
R2. Express G as follows

o 9 9 9
G = U@ +’U6—y - 2G($,y,u,v)% - 2H(m,y,u,v)%.
Let
B(z,y,€) = 26G(x,y,1,€) — 2H (z,y,1,£). (13.28)

By (13.21)-(13.23), the Douglas curvature is given by
1 -
Dy(v,v,v) = —Eéggggu 2ep—v)y, (13.29)

wherey = u% +Ua% with u >0, v = ,u% +V&% and £ = v/u. We immediately
obtain the following

Corollary 13.2.5 Let G be a two-dimensional spray on an open subsetU C R>.
G is projectively affine if and only if the function ® = ®(x,y,&) defined in
(13.28) is a polynomial of degree three or less in &,

® = A+ BE+CE + DE.

where A, B and C are some functions of (x,y) € U.

Consider the following Finsler metric on an open subset i = (a,b) x Q C R?,

L(z,y,u,v) = [u¢($,y, %)]2 (13.30)

The function ¢ = ¢(z,y,£) must be a Lagrange metric on U. By (13.26), ¢
defines the following function

B(a,y, ) = L Ot
et
Thus L is a Douglas metric if and only if ®¢¢¢¢ = 0, namely,
O = Gue = Pyel ¢;§ “9ul _ 44 Be+ 0 + DE, (13.31)
139

where A, B and C are some functions of (z,y) € U.

There are two-dimensional R-flat sprays which are not projectively affine.
See the spray defined in (8.52).
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13.3 Weyl Curvature of Sprays

In the previous sections, we discussed an important projective invariant — the
Douglas curvature. Since the Douglas curvature always vanishes for Riemannian
spaces, it plays a role only outside the Riemannian world. In 1921, H. Weyl in-
troduced a projective invariant for Riemannian metrics and affine sprays (affine
connections) [Wel]. Later on, J. Douglas [Dgl] extended Weyl’s projective in-
variant to Finsler metrics and sprays. See also [Bw8].

Weyl’s projective invariant is constructed from the Riemann curvature. Let

5 !
i 79l :
G(y)ayl

be a spray on a manifold M. Let Ry(u) = R (y)u”* 52|, denote the Riemann
curvature of G. The Ricci curvature Ric(y) = (n — I)R( ) is the trace of R,
expressed by

G:yami

1

= (y). 13.32
R(y) = ——= () (13.32)
For a vector y € T, M \ {0}, define W, (u) = W} (y)u* 52|, by
; ; 1 0A™ .
(y) = A}, — kgt 13.
Wil) = 4 = — G (13.33)

where ' 4 '
A}, = R}, — Ro;,.

W, : T, M — T, M is a linear transformation satisfying
W,(y) =0, trW, =0.
Here trW,, := W (y). We call W := {W }, cran {0} the Weyl curvature.

To prove that W is a projective invariant, we consider another spray G =
yi 2 5o — 2G’( ) 5 where

G'(y) = G'(y) + Ply) y'
It follows from (12.17) and (12.16) that
RL = R + Z68 + 1y’ (13.34)
R=R+E. (13.35)
y (13.34) and (13.35), we obtain
4], = A + 1y (13.36)
Differentiating (13.36), we obtain another formula for 7y

0Ay _ 9AY
oy~ oy T (n + 1)7y. (13.37)
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Plugging (13.37) back to (13.36) yields

1 oAy 1 0Ap

(A 7

n+10oym” k_n—f-laymy

Wi = AL - =W

This shows that W is a projective invariant.

13.4 Isotropic Sprays and Finsler Metrics of Scalar
Curvature

A spray is said to be isotropic if the Riemann curvature takes the following form

R}, = RO}, + vy’ (13.38)
with 7,y¥ = —R. We can express W} as follows
Wy = R, — R}, — Gy, (13.39)
where _
G= (R - Roy).

By the homogeneity of R}, we obtain

Gyt = %Hayim(z%km —Ré,T)yk = H—L(—R,’Z —R) -~ -R.

Thus if W} =0, then (13.38) holds by taking 73, := (.
Suppose (13.38) holds for some 74,. By the homogeneity of 75, we obtain

g (A - o) =

19
n+10ym

G = (Tkym) = T}.

Wi = [Ri - Ro{| - G’ = ey’ — Gy’ = 0.
This gives the following

Proposition 13.4.1 Let G be a spray on a manifold M. Then G is isotropic
if and only if W = 0.

By Lemma 8.2.2, we know that a Finsler metric is of scalar curvature if and
only if its spray is isotropic. By Proposition 13.4.1, we obtain the following

Corollary 13.4.2 ([Sz2][Ma3]) A Finsler metric L is of scalar curvature if and
only if its Weyl curvature W = 0.
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Let L and L be Finsler metrics on a manifold. Suppose that L is pointwise
projective to L. Since the Weyl curvature is a projective invariant, we immedi-
ately conclude that L is of scalar curvature if and only if L is of scalar curvature.
See [Sz2][MaWe][ShKi].

For a Riemannian space (M, g) of dimension > 3, the following conditions
are equivalent.

(a) W =0,
(b) g is of scalar curvature,
(c) g is of constant curvature,

(d) g is locally projectively flat.

It is much easier to describe isotropic sprays than Finsler metrics of scalar
curvature. Let G := y* a?ci - 2Gl(y)8‘zi be a spray on an open subset U =
IxQCR™ Set

‘I’a(sﬂ%f) = 2£GG1(8777717£) —2Ga(8;77;1;§); a:27"'7n7 (1340)

where n = (n?,---,n") and & = (£2,---,£"). Then we define a new spray

~ i 0 A 9
G = yzazi —2G*(z,y) Byt by

~ ~ 1 2 n
G':=0, G*:= —§y1y1<1>“(m1,---,w"; ,---,y—). (13.41)

G is pointwise projective to G. Since the Weyl curvature is a projective invari-
ant, we can compute the Weyl curvature W of G by computing that of G. An
easy computation gives the formulas for the Riemann curvature R of G.

_—
R} = o, (13.42)
R = —¢o, 4 Lgo §C+1<I>a + lgeqn, . — Loo g (13.43)
b - nb 2 WCEb 2 Sﬁb 2 £b£c 4 EC £b -

Ry = -Rj¢, (13.44)

where R! are valued on z = (s,7) and y = (1,£). The Ricci scalar R = L R
is given by

1

R=
n—1

1 1 1 1
[ = e+ JPgece € + 5P + QP — JOLDE |, (13.49)

Let
Ag .= Ry — RO}
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By (13.42), (13.33) simplifies to

1 0Ag

wl = — 13.4
b n+19¢’ (13.46)
e a 1 04y ,

Wy = A o A (13.47)

The rest of components of W can be obtained by
Wi =-Wje. (13.48)

Plugging (13.44)-(13.45) into (13.46) and (13.47), we obtain the expressions for
W} in terms of ®°.

Proposition 13.4.3 ([Bw8]) A spray G on an open subset U = I x Q@ C R"”
is isotropic if and only if the Riemann curvature of the associated spray G has
the following form

Ry = R4y, (13.49)

namely,
o2, + Lo ,ec tga, 4 Lgeqa Lpa g, = oo 13.50
_nb+§ nc§b£+§ S§b+§ bgc_z geFegd — b- ( - )

Proof: Tt follows (13.46) and (13.47) that
a Aa ye
We = Ay + W,}y—l. (13.51)

Clearly, W} = 0 if and only if (13.49) holds. Q.E.D.

13.5 Projectively Flat Sprays and Finsler Met-
rics

A spray is (locally) projectively R-flat if it is (locally) pointwise projective to a
R-flat spray. Locally projectively R-flat sprays are isotropic sprays. It is not
clear if there exist isotropic sprays which are not projectively R-flat. A spray is
said to be locally projectively flat if it is (locally) pointwise projective to a flat
spray.

Theorem 13.5.1 ([Dgl]) A spray G or a Finsler metric L on a manifold M
(dim M > 2) is locally projectively flat if and only if

D=0, W=0. (13.52)
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An outline of the proof is given as follows. First, D = 0 implies that the local
projective spray II associated with G (see (12.8)) is affine. In 1926, O. Veblen
and J.M. Thomas [VeTh2] proved that any affine spray with W = 0 is locally
projectively flat. Thus G is locally projectively flat. This observation is made
by J. Douglas [Dgl].

According to Propositions 13.2.4 and 13.4.3, when dimn > 3, the local struc-
ture of projectively flat sprays is determined by a system of partial differential
equations of some functions on the base manifold. To certain degree, we are
satisfied with this result in Spray geometry. However, in Finsler geometry, we
want to understand the local structure of projectively flat Finsler metrics, not
only the induced sprays.

Below we are going to study the Berwald curvature of locally projectively flat
sprays, then study the Landsberg curvature of locally projectively flat Finsler
metrics.

First, by Proposition 13.4.1, a locally projectively flat spray is isotropic,
namely, the Riemann curvature is in the following form

R: = RS. + 1y

with 7,y* = —R. In fact, 7 are given by
10 /.
= o (R~ Ray).
=0T By (Rk ROy,

Then (9.50) and (9.51) hold. On the other hand, the spray is affine. By (13.3),
the Berwald curvature is in the following

. 2 . . . .
Blu=—— [Ejk(s; + B8, + Eudi + Ejk.,yl} , (13.53)
where Ej; = aaE;l’“. Taking a horizontal covariant derivative of B;:kl then

contracting it with y™ yield

. 2 . . . .
Blmy™ = p——) I:Ejk;mym(slz+Ejl;mym5]Zg+Ekl;mym6;'+Ejk-l;mymyz] (13.54)

We need the following Ricci identity for E;;,
Eij-l;k — Eij;k-l = Eijfkl + EiPBfkl' (1355)
It follows from (13.55) that

Ejttimy™ = Ejksmay™ = [Ejk;mym] |~ Bia. (13.56)

Plugging (9.51) into (13.56) yields

n+1 m
—{Tm.]'.k.ly + Tl-j-k} — Ejk;l- (13.57)

Eipimy™ = 6
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Plugging (9.50), (9.51) and (13.57) into (13.54), we obtain the horizontal co-
variant derivative of E

n+1
Ejra =

{Tl-j-k - R-j-k-l}- (13.58)

Plugging (13.58) into (13.57) gives

n+1
Ejkimy™ = T{Tm~j~k~1ym + R-j-k-l}- (13.59)

By (13.53), (13.55) and (13.57), we obtain

n+1
Ejk.l;m = 6 {Tm~j~k~l — R-j-k-l~m}
4
+—n 1 {Eijkz +EjEpm + E]-kElm}, (13.60)

Using (13.58) and (13.60), we obtain the horizontal covariant derivatives of B

i = 5{ meih = R} + (i = R}
+(Tmert = R'k'l'm)‘sj' + (Tm-j-k-l - R~j~k~l-m)yi}
8 .
+ (n+1)2 {Eijkl + EjEpp + EjkElm}y’. (13.61)

For a vector y € T, M, define

Ey(uavaw) L= Eij;k(y)uivjwka
_ . B
By(u,v,w,z) = B}kl;m(y)uzvjwkzl 6mz|17
where u = u"% « and etc. We obtain the following

Proposition 13.5.2 For any locally projectively flat R-flat spray G on an n-
dimensional manifold M, -
E=0.

Moreover, B = 0 if and only if G is locally flat.

Proof: By assumption, R = 0 and 7, = 0. Then (13.58) and (13.61) simplify to

Ejrkg = 0,

i 8 i

Sklim = m{E]‘mEm +EjEpm + EjkElm}y .
Suppose B;:kl;m = 0. Then

EjmEw + EjiEpm + Ejg Eim = 0. (13.62)
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For any vector v = UZ%M

N2 4
3(Eijvlvj) ) {Eijkl + EjEym + EjkElm}vjkalvm =0.

Thus E = 0. Plugging E; = 0 into (13.53) gives B = 0. By Proposition 8.1.6,
we conclude that G is locally flat. Q.E.D.

Now we study locally projectively flat Finsler metrics. Contracting (13.61)
with —2yPg;, gives
— 1 p D
Ljktm = _g{(Tmﬂ*k = Rjpem)9ipy’ + (Tmejit = Bejtem) ghpy
+(Tmekt = Roretom)95py* + (Tm-j-k-l - R-j-k-l-m)L}
4

_7(’”‘ n 1)2 {E]‘mEkl + Elekm + EjkElm}L- (1363)

For a vector y € T, M, define

Ly (u,v,w,z) := Lijeu (y)u'v/ w* 2!,

where v = u*-%;|, and etc. We immediately obtain the following

ozt

Proposition 13.5.3 For any locally projectively flat R-flat Finsler metric on
an n-dimensional manifold M, the following conditions are equivalent: (a) L =
0; () B=0; (¢) E=0; (d) B=0; (¢) L=0; (f) L is locally Minkowskian.

Proof: Assume that L is a locally projective flat R-flat Finsler metric. (13.63)
simplifies to

4L

n+1)2 {Eijm + Eji Egm + EjkElm}- (13.64)

Ljki;m = —

Assume that L = 0. It follows from (13.64) that
Eijkl + Elekm + EjkElm =0.

By the same argument as in the proof of Proposition 13.5.2, we can show that
B=0,E=0, B =0 and hence L = 0. Thus L is locally Minkowskian by
Proposition 8.1.6. Q.E.D.

Now we turn to the main problem in projective geometry of Finsler spaces,
that is, to characterize and study locally projectively flat Finsler metrics. This
problem remains open, except for Landsberg metrics.

According to Proposition 13.2.2 (and [Bw5] in the two-dimensional case),
locally projectively flat Landsberg metrics must be Berwaldian. Thus, there is
no difference between “Landsbergian” and “Berwaldian” for locally projectively
flat Finsler metrics.



13.5. PROJECTIVELY FLAT SPRAYS AND FINSLER METRICS 211

Theorem 13.5.4 Let L be a locally projectively flat Landsberg metric on an
n-dimensional manifold M. Then

(a) (n > 3). L is either Riemannian with constant curvature A # 0, or locally
Minkowskian ;

(b) (n = 2) ([Bw5]). L is Riemannian with constant curvature X # 0, or
locally Minkowskian, or a Finsler metric with K # constant. In the later
case, L is in the following form

(u + f'(ﬂv,y)v)4

2 )

L= (13.65)

v

where [ = f(x,y) satisfies the equation © + yf = (f) for some function
¥ with ¢¥"(z) # 0.

Proof: We will only prove the case when n > 3. First, we assume that the Ricci
scalar R # 0 at some point. By Proposition 11.1.2, the Finsler metric must
be Riemannian, since L is of scalar curvature A(y) = R(y)/L(y). In this case,
A = constant # 0. By continuity, L is Riemannian with constant curvature
A # 0 over the whole manifold. The case when R = 0 follows from Proposition
13.5.3.

In Example 13.6.3 below, we will show that the Finsler metric in (13.65) is
a locally projectively flat Landsberg metric. See [Bw5] for a complete proof in
the two-dimensional case. Q.E.D.

At the end, let us take a look at the following

Example 13.5.1 Let U be an open subset in R® and (z,v, 2, u,v,w) the stan-
dard coordinate system in TU = U x R3. Consider the following Finsler metric

b ) () () <o) (o aw)

+HUE@ + V()2 +at@)y +b(z)e] ’. (13.66)

where A, B and C are constants satisfying AC — B2 # 0. According Ex-
ample 13.2.2, L is a Douglas metric. In fact, ® = ®2(z,y,2,(,¢) and ¥ =
®3(z,y,2,£, () are given by the following simple formulas

1
® = = (CP.~BU, +Bb-Ca)
1
v - (a _ ch).
They are actually independent of ¢ and ¢. Plugging them into (13.43) yields

Ry =0.

By Proposition 13.4.3 and Theorem 13.5.1, L is locally projectively flat. One
can verify that L is not R-flat, nor Landsbergian. il
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13.6 Berwald-Weyl Curvature

It follows from Proposition 13.4.1 that the Weyl curvature of any two-dimensional
spray always vanishes. Thanks to L. Berwald [Bw8] who introduced a non-
trivial projective invariant for a two-dimensional spray G using the associated
local projective spray II in a local coordinate system (see (12.8)) [Bw8]. As we
know, any invariant defined by II is a projective invariant within the same local
coordinate system. However, it might not be globally defined. Berwald did not
give the detailed argument for his projective invariant being globally defined.

To avoid this problem, we will use the globally defined associated projective
spray G = G-I-nz—le (see (12.10) and (12.12)) to define projective invariants for
two-dimensional sprays. Since G is a modification of G with the S-curvature S
of (G, dpu), where du is a fixed volume form du, projective invariants defined by
G possibly depend on du. However, this is not a problem here for the projective
invariant we are going to introduce.

Let M be an n-dimensional manifold. Fix a volume form du = o(x)dz! - - - dz™

on M. Let G be a spray on M and
G:=G+ EY
n+1

the projective spray associated with G, where S denotes the S-curvature of
(G,dp). Following Berwald [Bw8], we will define a non-trivial invariant using
G instead of II. }

Let R := ﬁRic which is the Ricci curvature of G divided by n—1. By the

definition, we see that R depends on the volume form du. Define Wi T, M —
R by

Wow) == We',  w=ui|,,
where 1
Wily) = 59" Ry — R (13.67)
The covariant derivatives of R are taken with respect to G, namely,
- - . - OR
P . _NIP . -
R, := Ry, i Ry, R.; = i
- OR; ,0R; =~ =~
R.i;j = &Uj —Nj ayk —Fin.k.
We have the following more direct formula for W¢.
1(. = - U o
We = =5 {2Re =y Rosys + 26 Rysype = NER . (13.68)
Since G is projectively invariant, W¢ := {W¢}yeran oy is a projective

invariant. It follows from the homogeneity of R that

yiR.i;j = QR;]‘.
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Thus

. 1. . . . .
yWi=gy'y' Rij —y'Ra =y Ry —y' R =0.
This gives
Wi (y) = 0. (13.69)
We call W¢ the Berwald-Weyl curvature of G. It turns out that this invariant is
independent of the volume form and hence exactly the same invariant as defined

by Berwald using II. That is, Berwald’s invariant is indeed a globally defined
projective invariant,.

Lemma 13.6.1 W? is independent of the volume form dpu.

We will not give a proof here for all dimensions. We will only calculate W° in
dimension two to show that it is independent of the volume form.

Let G be a two-dimensional spray. In a standard local coordinate system
(z,y,u,v), express G as follows

G = ui —|—v3 —2G(z,y,u,v)

0 0
— —2H —.

0 Ov
Let
q)(wayﬂg) = 2£G($7y717£) —2H(.T,y,1,£) (1370)

We construct a local spray

qui—i—v3 —2G($,y,u,v)5% — 2H(z,y, u,v) 0 (13.71)

Ox Oy o’
where 1
A 7o 1.2 v
G =0, H = 5 Y Q)(w,y,u).

Since G is pointwise projective to G and W? is a projective invariant, we just
need to calculate the W° for G. Fix an area form dy = o(z,y)dzdy. The
S-curvature S of (G, du) is given by

A 1 Og o
= cud, — T2y = %Yy,
S gUPe — —u— v
Thus
-~ 28 9 o - o .5 0
G=G+—Y=u— — —2G — —2H —
is given by
o 1 o + 0y&
2 @ y
G = =¢,4+ ——=
" 6T T30
o= 1 1 oy + 0y€
H = -0+ (0. + 22
! R R I P



214 CHAPTER 13. DOUGLAS CURVATURE AND WEYL CURVATURE

where £ = v/u. The Ricci scalar R = Ric of G is given by
R=2(G,+H,)-P,u—Pw+2P,G+2P,H—(G,G,+2G,H,+H,H,), (13.72)

where P := Gu + I:IU. A direct computation gives

1 1 1 2
-2
R = —®,+-% —¢P “PPs — — DD
u vt 3 x5+3€ ve 3P Pee — 5 PePe

1oy, 1[%*‘%5}@
- | ¥¢

il 7 s
30 * 9 o
Oz + 200y € + 0y & N é[aw + ay§]2

20 9

(13.73)

ag

Thus R still depends on the volume form dp.
Now we compute the Berwald-Weyl curvature. It follows from (13.69) that

Wy = W3¢,
Thus we just need to compute Wy. By definition,

1¢ -~ . - - L - L
We = —5{2Ry —uRpo — VRyy + 2GRy + 2H Ryy — Gy Ry — H,,Rv}. (13.74)

Using (13.73), we immediately obtain

1 1 1 1
uTWy = 6 Buvee + 58 Payec + 5P Peee + 3P Pugee
1. 1 1 1.
+g€2<1>yy55 + gf‘l’y‘l’séé + 5@%555 + Eq)zq’é&é&
1 1 1 2
3 ®Pyee — £ PePage — gfq’sq’yéé + 3PPy
2 2 1
_ggq’yyﬁ - gq)zyﬁ - 5‘1’.11‘1’55 + @y (13.75)

Yes, Wy is independent of du ! This is exactly the invariant that L. Berwald
defined using the local projective spray Il in a local coordinate system. Q.E.D.

In [Bw5], L. Berwald introduced another non-trivial projective invariant for
two-dimensional Finsler metrics, which is in fact also defined for sprays.
Let G be a spray on an n-dimensional manifold M. Let

OR 7 1{(n

OR™
= 557 }

R;: - 1R, — By (13.76)
where R = ﬁﬁzyz = ﬁRz is the Ricci scalar. For a vector y € T,, M, define

a skew-symmetric bilinear form Wy T, M xT,M — R by

0

BT

W, (u,v) = Wi;(y)u'v? u= u’%h, v =1’ (13.77)
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where

Wi = %{ (Rij = Byi) + (0 = (R — Roi) }- (13.78)

Berwald proved that W = {Wy}yeTM\{o} is a projective invariant. As a matter

of fact, in dimension two, .
Wa = W5, (13.79)

Thus for two-dimensional sprays

W=0 IS W?° =0.

Therefore we obtain the following
L. Berwald proved the following remarkable result.

Theorem 13.6.2 ([Bw5][Bw7][Bw8]) For a two-dimensional spray G, the fol-
lowing are equivalent

(a) G is locally projectively flat;
(b) D=0 and W° =0;
(c) D=0 and W = 0.

By (13.78), we immediately obtain the following

Corollary 13.6.3 For any two-dimensional spray with R = 0 or any two-
dimensional Finsler metric of constant curvature,

W?=0=W.

The converse of Corollary 13.6.3 is not true. There exist two-dimensional
projectively flat Finsler metrics whose Gauss curvature is not constant, even
the main scalar is not constant. See (13.88) and (13.92) below.

Remark 13.6.4 Consider a spray on an open subset ¢/ C R?

0 0 0 0
— U o= 2 2 _om Z.
G uax +v8y G(m,y,u,v)au (w,y,u,v)av

Suppose that the function ® defined in (13.70) satisfies
¢, =0, Dpee + PPeee =0, (13.80)
First, by ®, = 0, we simplify (13.75) to
o1 1 1
u Wy = g Ve + 5OVe — 07,

where ¥ := &, + ®P¢ee. Now by ¥ = 0, we obtain that W = 0. In addition,
if ® is a polynomial of degree three or less in £, then G is locally projectively
flat.
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Suppose that G is a two-dimensional Douglas spray. Then @ is in the fol-
lowing form

® = A(x,y) + B(x,y)€é + C(z,y)E* + D(x,y)E3, (13.81)

In this case, W3 is given by

. 1 1
u?Wy = DA, +2D,A+ 3Cee = 3CeB = CA, = CyA
2 2
—5Buy + 5BB, + Ay + (Dm +D,B+ DB, —2DA,
2 2 1 1
~DyA = 5Cuy = 50C; + 5CB, + gByy)g. (13.82)

By Theorem 13.6.2, we obtain the following

Corollary 13.6.5 ([Bw8]) Let G be a two-dimensional Douglas spray with ®
in the form of (13.81). G is locally projectively flat if and only if A,B and C
satisfy the following equations

BB, + Ay, =0
1
3

1 1 2 2
DA, +2D, A+ -Cy, — -Co,B—-CA, —C,A— B, =
+ +30 3C CA, - C, 3 y+3

2

2 1
Diy + DoB + DBy = 2DA, — DyA — 50z — 5CC: + 3CBy + 3By, = 0.

A two-dimensional spray G on a surface M is called a constant affine spray
if at every point, there is a local coordinate system (z,y) in M such that in the
standard local coordinate system (z,y,u,v) in TM

- 2H(w,y,u,v)2

0 0 0
G=u—+v— —2G(z,y,u,v) =— 50

ox oy ou
is in the form
G =T} u? + 2T [uv + T5,0%, H =T} u? + 2T, uv + T'3,0°

where F;k are constants. Let ® be defined in (13.70). It is easy to see that
® must be in the form (13.81) with constant coefficients A, B,C and D. Thus
W =0 by (13.75) or (13.82). We obtain the following

Corollary 13.6.6 ([AnHaMo]) Ewvery two-dimensional constant spray is lo-
cally projectively flat.

According to [AnHaMo], Corollary 13.6.6 is not true for higher dimensional
constant affine sprays.
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Remark 13.6.7 Consider a Finsler metric L = L(z,y,u,v) on an open subset
U = (a,b) x (c,d) C R? in the following form

1= e D)

¢ = ¢(z,y,£) must be a Lagrange metric on . Let

¢y - ¢m£ - ¢y§§
=T ">
Pee

By Proposition 3.3.1, the spray coefficients G = G(z,y,u,v) and H = H(z,y,u,v)
of L is related to ® = ®(z,y, &) by (8.83), i.e.,

O(x,y,&) = 26G(x,y,1,€) —2H(x,y,1,¢). (13.84)

By (13.75), the Berwald-Weyl curvature W? of L can be expressed in terms of
¢ and its partial derivatives directly. However, it contains too many terms, so
that we are not going to give all the terms here. Assume that ¢ satisfies (8.83),

(13.83)

¢1 ¢z£
b, =0, —+( ) —0. 13.85

Y ¢*  \Poee/ ¢ (13.85)
Then ® satisfies (13.80). Thus W° = 0. By Proposition 8.2.7, (13.85) also
implies that the Riemann curvature of L vanishes, R = 0. In this case, L is
locally projectively flat if and only if ® = —¢@g¢/¢ee is a polynomial of degree
three or less in &.

A Finsler metric is called a constant Berwald metric if the induced spray is
a constant affine spray. By Corollary 13.6.6, any two-dimensional constant-
Berwald metric must be locally projectively flat. Antonelli-Matsumoto [AnMa2]
have proved that any two-dimensional constant-Berwald metric is either locally
Minkowskian or pseudo-Riemannian.

Example 13.6.1 Consider the following Kropina metric on an open subset
U = (a,b) x (¢,d) C R?
2

L= [a(x,y)% +b(z,y)v + c(m,y)ur.

The corresponding function ® = ®(xz,y, &) in (13.83) is given by

— ]' 2
o= —Q—G{ayg ¥ 20,6 + by — cy}. (13.86)

Thus L is a Douglas metric. One can check that L is not a Berwald metric. By
Theorem 13.6.2, L is locally projectively flat if the function ® in (13.86) satisfies

We =0.
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We compute Wy for @ as follows

. 1
U*ZW; = 5{2%%% — 2aya,b, + 2ayayc,

—2a (axawy + ayam) + 2a® (amy —byyy + cyyy)
+a(ayybx — QyyCy + 3aybyy — 3aycyy) }
Assume that a = a(x) is a function of z only. Then Wy simplifies to

, 1 .
Wy = "% (bwyy - nyy)uz'

Thus the following Kropina metric
v? 2
L:= [a(m); + b(z,y)v + c(z, y)u] (13.87)
is locally projectively flat if and only if

bayy = Cyyy-
In particular, the Kropina metric in (3.47) is locally projectively flat. See

[Mall][BaMa2] for related discussion.

Consider a special form of (13.87)

2 2
L= @ % v+ cu] , (13.88)

where b and ¢ are constants. By the above argument, we know that L is pro-
jectively flat. Note that it is also conformally flat, namely, it is conformal to a
Minkowski functional. However, the Gauss curvature is not constant. Moreover,
the main scalar of L at each point is not a constant.

Let m > 2 be an integer. Consider the following Finsler metric

m 2

+ ea (@, y)u+ey(z,y)v| , (13.89)

L:= [a(m)

umfl
where e = e(z,y) is an arbitrary function. A direct computation yields

ot

. (13.90)

m2—m a

Thus L is always a Douglas metric. Plugging ® into (13.75) gives Wy = 0. Thus
L is locally projectively flat. il
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Example 13.6.2 Let F' = F(z,y,u,v) be a Randers metric on an open subset
U={(z,y), y > 2*} in the form

V(@2ru —v)2 +4(y — 22)u? — (v — 2zu)
2(y — 2?) '

The spray coefficients G = G' and H = G? are quite complicated, but in a
special form

F= (13.91)

G = P(x7y7u7 U)“’ H = P(m7y7u7v)vi
where

P V(v = 2zu)? + 4(y — 22)u? u?
B 2(y — 2?) V(0 = 2zu)? + 4(y — 22)u? + (2zu — v)
Thus the function defined by either (13.83) or (13.84) must vanish, ® = 0. This
implies that the geodesics of F' are straight lines, and F' is pointwise projectively
flat. Further computation shows that the Gauss curvature K = —%. But F is
not a Berwald metric. The main scalar is not constant either. i

Example 13.6.3 ([Bw5]) Let L = L(z,y,u,v) be a Finsler metric on an open
subset ¢ C R? in the form

(u + f'(ﬂv,y)v)4

2 ?

L:= (13.92)

v

The spray coefficients G = G' and H = G? of L are given by

G = fowt 50y FL0?
H = f2°

Thus L is a Berwald metric. The corresponding ® = ®(x,y, {) defined by either
(13.83) or (13.84) is given by

® = (f, — ff.)€.
Plugging it into (13.75) gives

W20 = (fzzy - 3fzfzz - ffl‘l‘l‘)uv~
Thus L is locally projectively flat if and only if

One can verify that the main scalar I = 9/2, hence L is Landsbergian (J = 0).
But the Gauss curvature is not constant. Note that if f is the function in
(13.65), i.e., f satisfies z+yf = ¥(f) for some function ¥ with ¥"(f) # 0, then
f satisfies (13.93). This shows that the Finsler metric L in (13.65) is locally
projectively flat with K # constant. il
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Finally, let us mention some remarkable results by L. Berwald [Bw5]. He
determines all two-dimensional locally projective flat Finsler metrics the main
scalar of which is a function of position only. First he establishes some theorems
showing that for such a metric the main scalar I is always a constant and the
curvature nearly always a constant. For I? # 0,9/2, the Finsler metric is locally
Minkowskian. For I = 0, the Gauss curvature K = constant. In this case,
the Finsler metric is Riemannian of constant curvature. For I? = 9/2, the
Gauss curvature can be variable. The Finsler metric is given in (13.92) , where
f = f(xz,y) satisfies (13.93). It is easy to see that this metric has constant main
scalar I> = 9/2, but it does not have constant Gauss curvature. Thus there
exists 2-dimensional projectively flat Finsler metrics which are not of constant
curvature.



Chapter 14

Exponential Maps

In this chapter, we will introduce the notion of exponential maps for spray
spaces. The exponential map of a spray space is a map from the tangent bundle
of the space into the space. It is defined via geodesics.

14.1 Exponential Map of Sprays

Let G = y? 8?” —2G(y) 3?;i be a spray on a manifold M. For a vector y € T M,
let ¢, denote the geodesic of G with ¢,(0) = y. By definition, ¢, is the projection

of an integral curve ¢, of G in TM with ¢,(0) = y.

ey _ .
a
The local coordinates (x%(t), y%(t)) of é,(t) satisfy
{ L) =y (14.1)
W) = —2G"((1),y(t)

By the O.D.E. theory, ¢, smoothly depends on y € TM \ {0}. For any pre-
compact domain K C M C TM, there is a number € > 0 and an open neigh-
borhood U of K in T'M such that ¢, (t) is defined on [0, 1+¢) for any y € U\ {0}.
Further, ¢, (t) is C* on [0,1 +¢) x (U \ {0}). Define a map exp : Y — M by
exp(y) := ¢y(1).
By the homogeneity of G, we can easily show that
exp(ty) = ¢y (1) = ¢y (1), t>0.

exp is called the exponential map. The above argument shows that exp is C'*°
on U\ {0}. For a point z € M, let U, =UNT, M and

exp,, = exp |y,

We see that exp, is C* on U, \ {0}.

221
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The differential of exp,, at a point y € U, is a linear map

d(expw)|y : Tyuz = TzM — TZM7 = expz(y)

In particular, if exp, is differentiable at the origin of 7, M, then

d(exp)o : ToM — Ty, M.

Theorem 14.1.1 (Whitehead [Wh]) Let (M, G) be a spray space. The expo-
nential map exp is C' at any zero section of TM. Further, for any x € M,

d(exp,)o is the identity map at the origin 0 € T, M.
Proof: We shall only sketch the proof. Let
P(t,y) :==exp(ty), t>0,yeTM.

Note that
d(At,y) = o(t, Ay), VA >0.

For simplicity, we set

* ((wi), (yi)) =¢k(Ly), y=4y 9

(14.2) gives rise to
(@A) = 6" ).

By the mean value theorem, there is 0 < ), < A such that

(@) 009) = ££(@),0)  ggt

A )

Oxt =

- (t/\ay) _>yk7

(14.2)

(14.3)
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as A — 0%. Thus e
i v — ok
a—yﬂ'(m 0)y! =y~
This implies that d(exp, )|o = identity at the origin 0 € T, M.
Differentiating (14.3) with respect to 3/ yields

Off 1 .\ 10k
3,7 (E0A60) = 35500, (14.4)
Note that "
S0 =0
We obtain
ofk /. i 1 " "
w((m ), Ay )) = X{W(A’y) - 6—yj(0,y)]
62¢k
Thus ok 5 ogk 5
. f i i) _ ¢ _ ky _ sk
/\1_1)%1+ @((m ), Ay )) = @(a_x(o’y)) = @(Z/ ) =19;.
That is, f is C! along the set of zero sections of T M. Q.E.D.

By Theorem 14.1.1, we immediately obtain the following

Corollary 14.1.2 Let (M, G) be a spray space. For any point x € M, there is
a neighborhood U, of © and a positive number r, > 0 such that for any x € Uy,
exp, : T.M — M is a diffeomorphism on B,(r) C T.M onto its image for all
0<r<rg, where

B.(r) := {y’ 8. eT.M, zn:(y’)2 < ’I“Q}.
z i=1

Now we study the regularity of exp on zero sections in T M. First, we assume
that G is an affine spray, i.e., G?(y) are quadratic functions in y € T,,M for all
xz € M. By the O.D.E. theory, the solution ¢, to (14.1) smoothly depends on
the initial data. Thus exp(y) = ¢,(1) is C* on U. In particular, exp, is C? at
0eT,M for all x € M.

Conversely, we assume that exp, is C? at 0 € T, M for all z. By definition,
for any r» > 0 and compact subset &/ C M, there is a number ¢ > 0 such that
cy(t) = exp(ty), 0 <t < 1+¢, is a geodesic for every y € TU with F(y) < r.
Substituting ¢, into the geodesic equation (4.6) and letting ¢ = 0 yields

1 0% (exp)’
JokZ \"2E)

In other words, Gi(y) are quadratic in y € T, M. Thus G is affine. We have
proved the following

(0) + 2G'(y) = 0.
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Theorem 14.1.3 (Akbar-Zadeh [AZ2]) Let (M,G) be a spray space. exp is
C? at zero sections in TM if and only if G is affine.

Recall that a spray G is said to be positively complete if every geodesic
defined on [0, a) can be extended to a geodesic defined on [0, 00). By the above
arguments, we see that if G is positively complete, then exp is defined on the
whole TM. Further, exp is C* on TM \ {0} and C* on the zero sections of
TM by Theorem 14.1.1. In particular, exp, : T,M — M is C* on T, M \ {0}
and C! at the origin 0 € T, M. The question is whether or not exp, covers the
whole manifold M?

Theorem 14.1.4 (Hopf-Rinow) Let (M, F) be a positive definite Finsler space.
The following are equivalent:

(a) F is positively complete;

(b) exp, : T, M — M is an onto map for some x € M;

(c) exp, : Tu M — M is an onto map for any x € M;

(d) every two points x1,x2 € M can be joined by a minimizing geodesic.

The proof is omitted. See [BaChSh1]. The Hopf-Rinow Theorem is, however,
not true for positively complete spray spaces. The following example shows that
there exist positively complete sprays for which the exponential map exp, :
T,M — M is not onto.

Example 14.1.1 Consider the following spray on R?

G:ug—m+v%—v\/u2+v2%+u uz—f—UQ%. (14.5)
By Example 4.1.3, the geodesics of G are circles of radius r = 1 on R2.
xz(t) = cos(At+6)—cosf + z(0),
y(t) = sin(At+6) —siné + y(0).

Thus G is a complete spray. Express exp, : ToR? = R? — R? by
eXPo(U; U) = (‘I’(’U,, U): ‘I/(’U,, U))

We obtain
1 ; . :
®(u,v) = m(vcos u2+112+usm\/u2+v2—v), (14.6)
1
- (= 2 1 2 ; 2 2
U (u,v) \/m( ucosvu? +v? +vsinvu?+v +u). (14.7)

Note that geodesics issuing from the origin form a disk of radius p = 2. This
disk is the image of TyR? = R? under exp,. In other words, exp, does not cover
R?, although G is defined on the whole R2.
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Suppose that the spray G in (14.5) is globally pointwise projective to a
positive definite Finsler metric F on R2. Since the geodesics of G and F are
circles, F' is complete. By the Hopf-Rinow Theorem, the exponential map of F'
(which is also the exponential map of G) must cover the whole manifold. This
is impossible. Thus G can not be globally pointwise projective to any positive
definite Finsler metric on R?. Since G is isotropic, according to [GrMu], it
is locally Finslerian, i.e., it can be locally induced by a (possibly not positive
definite) Finsler metric. i

14.2 Jacobi Fields in Spray Spaces

In this section, we will discuss some basic properties of Jacobi fields induced by
the exponential map.
Let G be a positively complete spray on an n-manifold M. At every point
r e M,
exp, : TpyM — M

is defined on the whole T, M. Take an arbitrary vector y € T,M \ {0}. The
curve c(t) := exp,(ty) is a geodesic issuing from z. For a vector v € T, M,
consider the following special geodesic variation of ¢

H(s,t) := exp, (t(y + sv)).
By Lemma 8.1.1, we know that

J(t) == d(exp,) ¢y (tv) (14.8)
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is a Jacobi field along ¢(t), 0 < t < co. Namely, it satisfies
D:D.J + RC(J) =0. (14.9)

Since exp, is C* on T, M \ {0} and C' at the origin, J is C* on (0, c0) and
C%at t =0.

Lemma 14.2.1 Let ¢ : [—d,00) = M be a geodesic with ¢(0) =y € T, M. For
any v € T, M, where § > 0, the Jacobi field J(t) := d(exp,) s (tv), 0 <t < oo,
can be extended smoothly across t =0 to a Jacobi field J on [0, 00) such that

J(0) =0, D,J(0) = v. (14.10)
Proof: By assumption, J satisfies (14.9). Fix a number ¢y € (0, 00). Since Ry is
[

C° on [—J,00), there exists an unique solution .J of (14.9) on [—4, 00) satisfying
the initial data:

J(t) = J(@t), te(0,00).

In other words, J can be extended to a Jacobi field J smoothly across t = 0.
Since J(0) = 0, we can write

J(t)=tW(t), —5<t< oo, (14.11)
where W (t) is a C* vector field along c¢. Observe that for 0 < t < oo,
tW (t) = d(exp,) |ty (tv).

Thus
W (t) = d(exp,)|ty(v), 0<t< o0. (14.12)
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By Theorem 14.1.1, we know that d(exp, )|o = identity. Thus

W(0) = lim d(exp,) e (v) = v

Differentiating (14.11) yields
DC'J(t) = W(t) + tDéW(t).
Thus

Q.ED.

By Lemma 14.2.1, we obtain the following

Lemma 14.2.2 Let c(t) := exp,(ty), 0 <t < co. For a number r > 0, exp, is
singular at ry if and only if there exists a Jacobi field J Z 0 along ¢, 0 <t <r,
such that

J(0)=0=J(r). (14.13)

Definition 14.2.3 Let (M, G) be a positively complete spray space. A vector
y € T, M \ {0} is called a conjugate vector of x if

d(eXpI)‘y : Ty(TzM) — Texpw(y)M

is singular, and d(exp, )|, is regular for 0 < ¢ < 1. Denote by Conj(z) the set
of all conjugate vectors at . When G is induced by a Finsler metric L, for a
vector y € T, M with L(y) = £1, denote by ¢, > 0 the number such that c,y is
a conjugate vector. We call c, the conjugate value of y.

Given a spray space (M, G), we may ask the following question: Under what
condition on the geometric quantities of G, exp, is non-singular on T, M?

Let ¢(t) = exp,(ty), 0 < t < oo, be a geodesic issuing from z and J(t)
be a Jacobi field along c¢. Take a parallel frame {E;(t)}7, along ¢, namely,
D:E;(t) = 0 and {E;(t)}jL, is a basis for T, ;)M for all t. Write

J(t) = J'(t)Eq(t)

and .

R (B (1)) = R, (1) Ei(t).
Equation (14.9) becomes

d?Jt

dt?

If all solutions (J?(t)) to (14.14) with (J*(0)) = 0 and (J%(0)) # 0 do not vanish
at any ¢t > 0, then exp, is non-singular along the ray ty, ¢ > 0.

(t) + RL(t)J*(t) = 0. (14.14)
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14.3 Comparison Theorems for Finsler Spaces

In this section, we will discuss geometric meaning of the sign of the Riemann
curvature. Only positive definite Finsler metrics will be considered. We denote
a positive definite Finsler metric L on a manifold M by

Fy) :=vL(y), yeTM.

F has non-positive curvature K < 0 if for any flag (P,y) C T,M, the flag
curvature is nonpositive
K(P,y) <0.

Using Proposition 8.2.1, we obtain the following important results for Jacobi
fields along a geodesic.

Lemma 14.3.1 (Gauss Lemma) Let (M, F') be a Finsler space and c : (a,b) —
M a geodesic. Let J be a Jacobi field along c. Let y = ¢(t,), u = J(t,) and
v=D,J(t,), where t, € (a,b). Then

9y (J (1), ¢(1)) = gy (v, 9) (8 = to) + gy (u, y)- (14.15)

Proof: Since ¢ is geodesic, D¢¢ = 0. By (7.11), (8.2) and (8.57), we have

(o10) = w(od)

j—;(gé(J,c')) = g:(D:D:J,¢)
= —g:(Re(J),0)
= —g:(Re(¢),J) = 0.
This gives (14.15). Q.E.D.

Theorem 14.3.2 (Cartan-Hadamard [Aus]) Let (M, F) be a positively com-
plete Finsler space. Suppose that F' has nonpositive curvature K < 0. Then
exp, is non-singular on T, M for any x € M.

Proof: Lety € T, M be an arbitrary unit vector and ¢(t) = exp, (ty), 0 < t < 0.
For a vector v € T, M, let

J(t) := dlexp, )iy (t0).

J is the Jacobi field along ¢ with J(0) = 0 and D.J(0) = v. By the Gauss
Lemma, we have
J(t) = J*=(t) + (at + b)é(t),

where J+ is a Jacobi field g;-orthogonal to é¢. Note that J = J=+ if and only if v
is gy-orthogonal to y. In order to study the zeros of J, it suffices to study that
of J+. Thus we may assume that v is g,-orthogonal to y. Let

f = Vgé(‘]a J)
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Let 7, > 0 and assume that J(r) > 0 for 0 < r < r,. Observe that on (0,7,), f

satisfies
o 9:(Ded. )
f
The Schwarz inequality gives
(f")? < ge(DeJ, De). (14.16)
We also have
f(t) =ty/gy(v,v) + o(t),
and . \
/ (f")?dt > f(:) : (14.17)
0

It follows from (14.16) and (14.17) that
f)f'(r) = gery(DeJ(r), J(r))
/0 {gé(DéJ,DéJ) = 9:(Re(J), J)}dt

[z 222

r

v

This implies
d (mﬂ) > 0. (14.18)

ar\n

Hence the quotient f(r)/r is non-decreasing on (0,r,). We obtain

Vo (T, 7)) > 1 fa,w,0),  0<r <, (14.19)
From (14.19), we conclude that J(r) = d(exp,)|,,(rv) # 0 for all 0 < r < oco.
Hence exp, is non-singular along ry, 0 < r < oo. Q.E.D.

The Cartan-Hadamard theorem indicates that for a positively complete
Finsler space with nonpositive curvature, exp, : T, M — M is a local diffeomor-
phism. With further arguments, we see that exp, is actually a projection map
or covering map. Thus if M is simply connected, then exp, is a diffeomorphism.
In this case, every pair of points p, ¢ € M can be joined by an unique minimizing
geodesic. See [BaChSh1] for more details.

Our next goal is to study positively complete Finsler spaces with uniformly
positive (Ricci) curvature. First, we introduce the index form for vector fields
along a geodesic. Let ¢(t),0 <t < r be a unit speed geodesic in a Finsler space
(M, F). For a vector field V(t) along ¢, define

IV, V) = /0 {9:DV.DeV) = gs (Re(V), V) Jat.
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Observe that if E(t) is a parallel vector field along ¢ with ¢g.(E, E) =1 and f(t)
is a C*° function with f(0) = 0, then

I(fE, fE) = /0 {(f’)2 - ge(Ré(E),E)fQ}dt.

Lemma 14.3.3 Let y € T, M be a unit vector and c(t) := exp,(ty). Suppose
that exp,, s non-singular at ty € T, M for all 0 <t < r. Then for any Jacobi
field J(t) and any vector field V (t) along ¢ with

V(0)=J(0)=0,  V(r)=J(r),

the index forms satisfy
WV, V) > Z(J,J). (14.20)
The equality holds if and only if V = J. Hence for any non-trivial vector field
V(t) along ¢ with V(0) =V (r) =0,
Z(V,V) > 0. (14.21)
The proof is elementary, so it is omitted. See [BaChSh1].

Now we assume that exp, is non-singular at ¢ty for all 0 < ¢ < r. Take an
arbitrary basis {e;}}  for T, M with e; = y and {J;(¢)}?, the Jacobi fields
along ¢ with J;(0) = 0 and D.J;(0) = ¢;. Fix an arbitrary function f(¢) with
f(0) =0= f(r). By Lemma 14.3.3, for each i = 2,-- -, n,

I(fE;, fE;) = ' N2 — g:(Re(E;), E; ) f* pdt > 0. 14.22
(B B) = [ {7 = 0 (Re(B), BL) £}t > (14.22)

Adding them together, one obtains
/r {(n S - Ric(c')fz}dt > 0. (14.23)

0
Assume that Ric(y) > (n — 1)F?(y). Then (14.23) is simplified to
/T {(f')2 - fz}dt > 0. (14.24)
0

(14.24) holds for any C* function f # 0 with f(0) = 0 = f(r). We claim
that 0 < r» < 7. Suppose this claim is false. Then for some ¢ > 0, exp, is
non-singular at ty for all 0 < ¢ < r:= (1 +¢)m. Let

t
t) =sin | ——).
F(t) = sin (1 + 5)
Plugging f(t) into (14.24), one obtains

(1+E)[ﬁ—l] :/0 {(1j5)2 cos® (1_:6) — sin? (;?)}dt>0.

Clearly, this is impossible, because that the left hand side is negative. Thus the
claim is true. We have proven the following
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Theorem 14.3.4 (Bonnet-Myers [Aus]) Let (M, F) be an n-dimensional posi-
tively complete Finsler space. Suppose that

Ric(y) > (n —1)F*(y), Vye TM\{0}.
Then for any unit vector y € T, M, the conjugate value satisfies ¢, < .

Let (M, F) be a Finsler space as in Theorem 14.3.4. For a point z € M,
define
Diam (M, z) := sup d(z, z).
zEM
We can show that
Diam(M,z) < .

Consider the lifted Finsler metric on the universal covering (M, %) — (M, z). F
is also positively complete and satisfies the same Ricci curvature bound. Thus

Diam(M, %) < 7.

In particular, M is compact. We conclude that the fundamental group of M is
finite. See [BaChSh1] for more details.

14.4 Jacobi Fields in Isotropic Spray Spaces

One of the important problems in Spray Geometry is to understand the rela-
tionship between the Riemann curvature and the global geometrical /topological
structures of a spray space. A natural approach is to study the behavior of the
exponential map. When the spray is isotropic, the relationship between the
Riemann curvature and the exponential map becomes much simpler.

Let (M, G) be an isotropic spray space. Namely, the Riemann curvature R,
has the following form

R,(u)=R(y)u+ry(u)y, ueT,M, (14.25)

where 7, € T,y M satisfies
my(y) = —R(y). (14.26)

Let ¢(t) be a geodesic of G and R(t) := R(é(t)). Let s(t) and c(t) denote the
solutions of the following equation

y"(t) + R(t)y(t) = 0, (14.27)

with
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Lemma 14.4.1 For any Jacobi field J along c, there are two parallel vector
fields E(t) and E*(t) along c, which are linearly independent of ¢(t), such that

J(t) = s()E(t) + c(t) E*(t) + o()é(D), (14.28)

o(t) = — / / Tao (E(t))s(t)dt— / / Tao (E*(t))c(t)dt.

Proof. Take an arbitrary parallel frame {E;(t)}?, along ¢ with Ey(t) = ¢(t).
Put

where

T(t) = T () Ei(0).
With (14.25) and (14.26), the Jacobi equation simplifies to

2 Jt
e .

where

ralt) =1 (Eal®)),  R(t) = B(e(1)).
From (14.30), we obtain
J(t) = A? s(t) + B* ¢(t), (14.31)
where A% and B“ are constants. Let
E(t) := AE,(t), E*(t):= B"E,(t).
Both E(t) and E*(t) are parallel along c. Plugging (14.31) into (14.29) yields

2 Jt .
a2 T T (E(t)) s(t) + Ter) (E (t)) c(t) =0.
This completes the proof. Q.ED.

Assume that G is positively complete. Let ¢ be a geodesic with ¢(0) =y €
T.M. For a vector v € T, M, let

J(t) := d(exp,) 4y (tv), t>0.

J satisfies
J(0) =0, D,J(0) = v. (14.32)

Assume that v is linearly independent of y. Let E(¢) be the parallel vector field
along ¢ with E(0) = v. Take a parallel frame {E;(¢t)}", along ¢ with
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Put
J(t) = JH(t)Ei(t).

(14.32) implies

JH0) =0, o (0) = 6s2
From (14.29) and (14.30), we obtain
J(t) = / / T p) (p) dpds] é(t), (14.33)

where s(t) is defined in (14.27).

Suppose that
Ric=(n—-1)R<0.

Then by an elementary argument
s(t) >t, Vt>O0.
We conclude that
d(exp,) sy (tv) = J(t) #0, t>0.
This proves the following

Theorem 14.4.2 Let (M,G) be a positively complete isotropic spray space.
Suppose that
Ric < 0.

Then for any x € M, exp, : T, M — M 1is a local diffeomorphism.

Now we consider the case when Ric > 0. In general, from (14.27), we do
not know whether or not the solution s(¢) has a zero in (0,00). Suppose that
s(t) = 0 for some t > 0. Let r denote the first zero of s(t). It follows from
(14.33) that

aexp) ) == [ [ [ 70 (E0))sto) doas] e, (14.34)

where E(t) is the parallel vector field along ¢ with E(0) = v. Let

= [ [ i (B0 dpes.

Then © : T, M — R is a linear form. It follows from (14.26) that
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Thus
o) = / / R(&(p))s(p) dpds > 0.

Let
W, :=ker 0.

The above argument shows that W, is a hyperplane and y ¢ W,,. From (14.34),
we see that d(exp,)|,, =0 on W,. This proves (i) and (ii) in the following

Theorem 14.4.3 Let (M, G) be positively complete isotropic spray space. Sup-
pose that
Ric > 0.

Then for a non-zero vector y € T, M, one of the following holds
(i) exp, is non-singular along xz(t) = ty, 0 <t < oo,

(ii) there is a numberr > 0 and a hyperplane W, C T, M such that d(exp,,)|,, =
0 on W,.

If along c(t) = exp,(ty), t >0,
Ric(¢(t)) > (n—1)A > 0. (14.35)
Then only case (i) occurs at r < %

Proof: Suppose the Ricci curvature satisfies the bound (14.35) along a geodesic
c¢. Then the function R(t) := R(¢(t)) in (14.27) satisfies

R(t) > A > 0.

Assume that s(t) is positive on an interval (0,7). By an elementary argument,
one can show that the solution s(t) satisfies

s(t)gw, VO <t <

VA
This implies r < 7/V/A. Q.E.D.

Recall that a spray G is said to be weakly Ricci-constant if the Ricci curva-
ture Ric = (n — 1) R satisfies

R.my™ = y"Rym —2G™Rym = 0. (14.36)
By Lemma 8.1.9, the Ricci curvature Ric(é(t)) = A is constant along any

geodesic ¢. By the same argument as for Theorem 14.4.3, we immediately
obtain the following
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Corollary 14.4.4 Let (M,G) be a positively complete isotropic spray space.
Suppose that G is weakly Ricci-constant. Then for any y € T, M \ {0} with
R(y) =1, there is a hyperplane W, C T, M such that

d(exp,)|ry (Wy) =0. (14.37)

Example 14.4.1 Consider the following spray on R2

0 0 0 0
—ul Y 2 & 2 4 2
G_u6m+1}6y A R S R T (14.38)

A direct computation using (8.42) or (8.44) yields
R} =v®, Ry=-wv, RI=—vu, R}=1’
Thus the Ricci curvature is given by
R(u,v) = R} + R} = u® +v* > 0. (14.39)
Moreover, G is weakly Ricci-constant, i.e.,
Rony™ = Ryt + Ryv — v\/u2 + v Ry + uv/u? + v2 R, = 0.

By Corollary 14.4.4, we know that exp, is singular on the tangent sphere u? +
v2 = 2. We are going to verify this fact directly. By Example 14.1.1, the

exponential map exp, : ToR? = R? — R? is given by

expo(u,v) = (@(u, v), ¥(u, v)),

where
1
P (u,v) = N (v cos Vu? +v? + usin/u? + v — v), (14.40)
1
U(u,v) = T ( —ucosvVu?+v?+usinvu? + 02+ u) (14.41)

A direct computation yields
sin vVu? + v2
Va2 +02

Thus expy, is singular along circles of radius km in ToR? = R?, where k = 1,2, - - -.
Observe that

v, -0,¥, =

2
expg(u,v) = ;(—v,u), u? + 0% =17

exp, maps the circle of radius r = 7 in ToR? = R? onto the circle of radius
p=2in R
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According to Lemma 8.1.10, two-dimensional sprays are always isotropic.
Thus we can apply the above results to two-dimensional sprays associated with
a SODE.

Let & = ®(z,y,£) be a C*™ function on R? x R. Consider the following

equation on R
d’y dy
To study (14.42), we construct a homogeneous system on R?
2

%HG(%%%’%) B (14.43)
d? xz d ’
o+ 2H (2, %, %) =0

where G and H satisfy
@(m,y,f) = 2§G($,y,1,£) _2H($7y717£)' (1444)

By Lemma 3.1.1, we know that the graphs of solutions of (14.42) in R? coincide
with the solutions of (14.43) in R? as point sets. Thus, we can study the solutions
of (14.42) by investigating the geodesics of the corresponding spray on R?

G := uﬁ—m—}—v(% —2G($,y,u,v)% —2H(m,y,u,v)aa—v, (14.45)
By (8.42), the Ricci curvature R = Ric is given by
R = 2G,+2H,—G? —H? -2H,G, —u(Gy + Hy),

—0(Gy + Hy)y + 2G(Gy + Hy)y + 2H(Gy + Hy)y.  (14.46)

Suppose that G is a positively complete spray on R? with (3.13) such that the
Ricci curvature Ric = R < 0. By Theorem 14.4.2, we know that for any = € R?,
the exponential map exp(, , : T(guy)R2 — R? is a local diffeomorphism.
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Example 14.4.2 Consider a equation (14.42) where

®(z,y,&) = Az, y) + B(z,y)¢ + C(z,y)€ + D(z,y)&, (14.47)

where A, B,C,D are C™ functions on R?. There are several homogeneous
systems (14.43) which we can use to study the equation (14.47) by Lemma
3.1.1. Below are some natural choices for (14.43).

Option 1: We take

¢ = %D( y) (14.48)
H —%(A( sy )u? + B(z,y)uv + C(z,y)v ) )
By (14.46), we obtain
R = (Ac+lB gy )u2+(2AD—lB +C )uv
27" 4 Y 27 ’
1 2
+(§BD +D,)0*. (14.49)
Option 2: We take
—1
G: = 2(3 y)u? + C(z, y)uww + D(z, y)v° ) (14,50
H: =-L1A( y)u2
By (14.46), we obtain
1
R = (3AC—4,)u + (3C. +24D - B, Juv
+(DI - %Cy +BD— 302)1}2. (14.51)

{G = 1B(s, ) + 50, y)uv+ D(»T y) (14.52)

By (14.46), we obtain

R = (%B A, - gBQ + gAc)u2 + (gc - ;By
——BC + 2AD)uv + ( C - 302 + 3BD) . (14.53)

Option 4: Assume that D = 0. Besides the above options, we can also take

{G: B(z,y)u? + C(a,y)uv

H: A(a: y)u? + 3C(z, y)v? (14.54)
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By (14.46), we obtain
R = —Ayu® — Byuv — Cyv®. (14.55)
For any option, if R < 0, then by Theorem 14.4.2, we know that for any x €
R?, the exponential map of the corresponding spray G is a local diffeomorphism.

exp(Ly) . T(w7y)R2 — R2.

14.5 Finsler Spaces of Constant Curvature

Although there are infinitely many positively complete Finsler spaces of constant
curvature A, the topology of the manifold M is quite special. By Theorem
14.4.2 we know that if A < 0, the exponential map exp, : T, M — M is a local
diffeomorphism. By Proposition 14.4.3, we know that if A > 0, the exponential
map exp, : Ty M — M is singular in all directions, provided that the Finsler
metric L > 0 on T'M\{0}. In this section, we will apply the techniques developed
in the previous sections to study Finsler spaces of positive constant curvature.

Proposition 14.5.1 Let (M, L) be a positively complete Finsler space of con-
stant curvature X # 0. For a point x € M, let

S, = {y € T, M, \L(y) = 1}. (14.56)
Then for any connected component 9 C X,

exp,, (772;) ="

o
(P2

T,M



14.5. FINSLER SPACES OF CONSTANT CURVATURE 239

Proof. For a vector y € ¥, let

yt = {w €T, M, g,(y,w) = 0}.

Since
L(y) = g4(y,y) #0,
iR

y— is a hyperplane which does not contain y. For an arbitrary vector w € T, M
satisfying d(exp, )|~y (w) = 0, put

w = wy + 1Y, wleyL.

Let
Ji(t) = d(exp, )|y (twr)

It follows from the Gauss Lemma that

geo (T1(0),60) = g, (w1, y)t = 0.
Thus

0 = giim (dlexp,) iy (w), é(m))

= gotm) (H () +ré(m), é(m))
= AL(&(m)).

This implies r = 0. Thus w € y*. That is,
ker [d(expm)|,ry] =yt

Take an arbitrary curve y(s) in X, and let

o(s) = exp, (7y(s)).
Then
y'(s) € Ty Xa = y(s)*.
This implies
5(s) = d(exp,)my(o) (¥'(5)) = 0.

Thus
o(s) = a point.

Q.E.D.
Let (M, L) be as in Proposition 14.5.1. Let

T = {y € T,M, AL(y) = —1}. (14.57)
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By a similar argument, one can prove that exp, (tZ;) grows exponentially.
More precisely, let v € T, X7, then

d(exp, )ty (tv) = sinh(t) E(t), (14.58)

where E(t) is a parallel vector field along ¢(t) := exp, (ty) with E(0) = v.

Example 14.5.1 Consider a Finsler metric defined on M? = (—o00,00) x S,

L(xayauav) = -

1 2 2 2
T +(1-I-x)v. (14.59)

The Gauss curvature
K=1.

Since L is a pseudo-Finsler metric, (M, L) looks like a surface in the Euclidean
space R® with negative curvature.

If a Finsler metric is positive definite, then the positivity of the Riemann
curvature makes the space compact.

Proposition 14.5.2 Let (M, F) be a positively complete positive definite Finsler
space of constant curvature R = 1. Then for any x € M, there is a point x* € M
such that

exp, (7r SzM) =", (14.60)

where S, M denotes the unit sphere of Fy in T, M.
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Proof: Since F is positive definite, the unit sphere
.M ={yeT.M, F.(y =1}

is a strongly convex closed hypersurface around the origin. Thus the set 3, in
(14.56) is the whole indicatrix

Y. =SM.

It follows from Proposition 14.5.1 that there is a point x* € M such that
exp,, (TFSxM) =z,

This implies that M must be compact with d(z, z*) < 7.

M
g AN

Q.ED.

Let F be a positive definite Finsler metric on S™ with constant curvature
R = 1. Fix a point € S™. There is an unique point z* € S* with d(z, z*) = 7.
The exponential map exp,, : T;S™ — S™ gives rise to a diffeomorphism

@:(0,m) x SeM — S" — {x,z2"}

by
@(t,y) := exp,(ty).

The induced Riemannian metric g, on S, M is given by

9z (u,v) 1= gy(u,v), u,v € TyS;M C T, M.

rimo(d).

Let
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Y is a unit geodesic field on S™ from z to x*. Define
g:=gy.
g is a smooth Riemannian metric on S™ — {z,z*}. We claim that
©*§ = dt* @ sin’(t)g,. (14.61)
Proof: Fix y € S; M and let ¢(t) := ¢(t,y). For any u € Ty,S; M, let
Ju(t) 1= dp|(,y) (tu) = d(exp, )|z (tu).

J is a Jacobi field along c¢. By the Gauss Lemma, J,(t) is orthogonal to é(t)
with respect to g. Moreover

Ju(t) = sin(t) Bu(t),

where E,(t) is parallel along ¢ with E,(0) = u (here we view T,S;M as a
subspace in T, M. For a vector v € TS, M, define .J, as above.

@ g(tu, tv) = geq)(Ju(t), Ju (1))
sin® (£)ge(e) (Bu(t), Bo(t))
= sin®(t)gy (u,v)
= sin®(t)ga (u, v).
This proves (14.61). Q.E.D.

We have to come to an end. But this is also a new beginning ...
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B - Berwald curvature, 78

C - Cartan torsion, 11, 23

D - Douglas curvature, 199

E - mean Berwald curvature, 80
G - spray, 47

I - main scalar, 14, 23

J - mean Landsberg curvature, 87
K - Gauss curvature, 120

L - Landsberg curvature, 85

N - N-curvature, 79

P - Chern curvature, 101

Ric - Ricci curvature, 113

R - Riemann curvature, 109

S - S-curvature, 68

W - Weyl curvature, 204

W?¢ - Berwald-Weyl curvature, 213
Y - vertical radial field, 50

affine connection, 79
affine spray, 78

Berwald, 85, 95, 107
Berwald connection, 97, 98, 112, 135
Berwald connection form, 112, 135
Berwald curvature, 78
Berwald frame, 14
Berwald metric, 28, 82
Berwald-Weyl curvature, 213
Busemann-Hausdorff

measure, 64

volume form, 64

C-reducible, 158

Cartan, 11, 99, 121

Cartan connection, 95

Cartan tensor, 19

Cartan torsion, 11, 13, 95, 99, 143
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Chern connection, 95
Chern curvature, 101
Christoffel symbols, 56, 78, 96
conjugate value, 227
conjugate vector, 227
connection, 95, 101
affine, 79
Berwald, 97, 98, 135
Cartan, 95
Chern, 95, 99
Levi-Civita, 97, 99, 126
connection coefficients, 50, 56, 78
constant affine spray, 216, 217
constant Berwald metric, 217
constant curvature, 119
covariant derivative, 102
horizontal, 85
vertical, 86
curvature
Berwald, 78
Berwald-Weyl, 213
Chern, 101
Douglas, 197
flag, 120
Landsberg, 85
mean Berwald, 80, 142
Ricci, 113
Riemann, 108, 109
sectional, 127
curvature form, 135
curvature scalar, 119

distortion, 73
Douglas curvature, 197
Douglas metric, 199

Euclidean norm, 3
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Euler-Lagrange equations, 41, 42
exponential map, 221

Finsler m space, 63
Finsler metric, 22
of constant curvature, 119
of scalar curvature, 119, 153
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Finsler space, 22
Finsler spray, 55
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functional
Berwald-Moér, 8
Kropina, 11
Minkowski, 4
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fundamental tensor, 143
Funk function, 177
Funk metric, 32, 33, 160, 166, 186

Gauss curvature, 120
geodesic, 48, 51
geodesic field, 73
geodesic variation, 107

Hausdorff measure, 64

Hessian, 19

Hilbert form, 57

Hilbert Fourth Problem, 180
Holmes-Thompson volume form, 67
hyperbolic space, 170

index of L, 5

index of Finsler metric, 23
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isotropic spray, 112, 177

Jacobi equation, 108
Jacobi field, 108

Klein disk, 168

Klein metric, 24, 32, 34, 61, 160, 186
Kropina functional, 11

Kropina metric, 45
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Lagrange functional, 9

Lagrange metric, 29, 41

Landsberg curvature, 85, 95, 99, 143
Landsberg metric, 85

local projective spray, 175

m-th root metric, 27
main scalar, 14
mean Berwald curvature, 80, 146
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mean covariation, 68
mean Landsberg curvature, 87, 146
mean tangent curvature, 68
measure
Busemann-Hausdorff, 64
Hausdorff, 64
metric
Antonelli, 28, 59
Berwald, 28, 82
constant-Berwald, 28
Douglas, 199
Einstein, 121
Finsler, 22
Funk, 32, 160, 186
Klein, 32-34, 61, 160, 186
Kropina, 45
Lagrange, 29, 41
Landsberg, 85
pseudo-Riemannian, 24
R-flat, 120
Randers, 25, 70, 88, 117
Ricci-constant, 121
Riemannian, 24
Sasaki, 66
spherical, 30
y-Berwald, 28, 59
Minkowski functional, 4, 103
Minkowski space, 4

N-connection, 97
negatively complete, 54
non-Riemannian quantity, 77

open cone, 7

parallel translation, 102
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parallel vector field, 102
path space, 52
Poincare metric, 24
pointwise projectively related, 173
positive definite, 6, 23
Finsler metric, 23
Finsler space, 23
Minkowski functional, 6
Minkowski space, 6
positively complete, 54
projective Finsler metric, 180, 185
projective spray, 175
projectively affine spray, 199
projectively flat spray, 207
projectively R-flat spray, 207

R-flat, 137

R-flat spray, 112
R-quadratic, 137, 148
Randers change, 183
Randers functional, 9, 12
Randers metric, 25, 70, 88, 117
Ricci curvature, 113

Ricci scalar, 113
Ricci-constant, 113
Ricci-flat spray, 113
Riemann, 107

Riemann curvature, 108, 109

Riemann curvature tensor, 111, 127

Riemannian

metric, 24, 58, 97, 98
Riemannian metric, 97
Riemannian tangent space, 104

Sasaki metric, 66
Sasaki volume, 66
second variation formula, 131
sectional curvature, 127, 167
self-parallel translation, 103
self-parallel vector field, 103
semispray, 36, 194
singular
Finsler metric, 26
Finsler space, 26
Minkowski functional, 7
SODEs, 35

INDEX

space
Euclidean, 3
Finsler, 22
hyperbolic, 170
Minkowski, 4
spray, 48

space form, 170

spherical metric, 30

spray, 47
affine, 78, 193
Antonelli, 28
complete, 54
Finsler, 55
flat, 112
globally Finslerian, 190
globally projectively Finslerian,

191
isotropic, 112
local projective, 198
locally Finslerian, 190
locally projectively Finslerian,
191

negatively complete, 54
positively complete, 54
projectively affine, 199
projectively flat, 207
projectively R-flat, 207
R-flat, 137
R-quadratic, 137
Ricci-flat, 113
standard flat, 48
weakly affine, 80

spray coefficients , 48, 55

spray m space, 63

spray space, 48

system
adapted, 28
local coordinate, 28
standard local, 21

unit sphere, 170

Varga equation, 18

vertical tangent bundle, 50

volume form
Busemann-Hausdortf, 64
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Holmes-Thompson, 67

weak Ricci-constant, 113, 121
weakly affine spray, 80
Weyl curvature, 204

y-Berwald metric, 28
Y-related, 129
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